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The Difference Bound Matrix

’

A C if (v; —v; < ¢) € C,
- +00 elsewhere .

“

m is called a Difference-Bound Matriz (DBM).
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The V-domain

D(m) {(s0,-..,8N—1) € G Vi, 5, §; — 8 <my;t o
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The V-domain

-

D(m) {(s0,-.-,5N—1) € IGA | Vi, g, s; — s <my;t .

v2

>
}< |
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Two DBM's with the same set

concretisation
J J
1 2 3 1 2 3
+o0 4 3 1 0 4 3
—1 +o00 400 1 2 1—1 0 400
-1 1 +oo 31-1 1 0
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Introducing V- and V+
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The V+ - Domain
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Theorem 1: m

DBM Coherence

T is coherent <= V4,4, m
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Octagon Constraints

constraint over VT

constraint(s) over V

v, —v;<c (i#7) vf—v;-rgc, v, —v, <c
vi+vi <c (i#7) ’U;F—'Uj_gc, 'U;-r—’vi_gc
—v; —v; <c (i#7) vj‘—ngc, ’U;—'U;Fgc
v; < ¢ fu;r—v;ch
V; > C v — ot < =2
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ACYVY xV,

A = {(viyv)) | my; < +o0},  w((vi,v;)) = my;

The Potential Graph
G(m) = {V, A, w}

we A1,
A
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Representing the constraints

(V1 + V2 <3
Vo — Vi <3
ViV, <3
-1 -V <3
Wy < 2

—2V5 <8

(b)

= W N =
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Emptiness Test

Theorem 2:

. D(m) =0 <= G(m) has a cycle with a strictly nega-
tive weight.

. If1# Z, then Dm™) =0 <= D (m™) = (.
If I = Z, then D(m™) = ) = DT(m™) = (), but the
converse 1s false
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Empty Set example

e V2 -V1<=-3
e V1 -V2<=2

The Octagon Abstract Domain 13



/AN

Order

n <—— \V/Z';j:, m;; S n;;
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Implicit constraints

.+ V1 —V3<=4
e V1 —V2 <=1
e V2 —V3 <=2
e =>V1 -V3 <=3
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| D>

1>

Closure

M—1

min E m, .

1< M e lk41
k=1

(A=00.508 s B NE=1] )
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Theorem 3

Theorem 3:
. m=m" <= Vi,j5,k, m;; <my,+my; and Vi, m;; =
0 (Local Definition).
2. Vi, j, if m}; # +o0, then J(so,...,sy-1) € D(m) such
that s; — s; = mj; (Saturation,).
3. m* =infg{n | D(n) = D(m)} (Normal Form).
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Strong Closure

Definition 1: m™ is strongly closed if and only if

e M is coherent: Vi j, :; = m}},
e m™ is closed: Vi, m;; = 0 and Vi, j, k, m < ;+m;§j;

e Vi,j, my: < (m, +mﬂ)/2
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Strong Closure Theorem

Theorem 4:
l. m"™ = (m")®* <= m7 is strongly closed.
2. \V/’i,j, if (1’1’1+);j 7é -I—OO,J then 3(80, “. ,SQN_l) < D(l’l’l_'_)

such that VE, sop = —sar+1 and s; —s; = (m+);j (Satura-
tion).

3. (m™)®* = infg{nt | DT (n") = DT (m™)} (Normal
Form).
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Equality and Inclusion Testing

Theorem b:
. D"(mT) C D (n") <—
2. D"(mT) =D " (n7) < (m™M)*
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Projection

Theorem 6:
{t|3(sp,...,snv_1) € DT (m™) such that s; =t }

= [ —(m™)3; 5;,41/2, (MT)3,14 9;/2]
(interval bounds are included only if finite).

- .
-
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Projection

Theorem 6:
{t|3(sp,...,snv_1) € DT (m™) such that s; =t }

= [ —(m™)3, 2i+1/2; (m+)§i+1 2i/2 ]
(interval bounds are included only if finite).
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Least upper bound and greatest
upper bound

: : AN
+Ant] 2 +
mT ANt = mm(mw,nw)
: : AN
m*Vn'],. = max(m}, n) .

11
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Max
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Union and Intersection

Theorem 7:
I. DY (mT™ AnT) =D (m™*)NDT(n").
2. DT(mTVvnt) DD T(mT)UD(n).
3. If m™ and n™ represent non-empty octagons, then:
(m™)*) Vv ((n")*) =

infg{o™ | DT (0o") DD (m")UD"(n")}.
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Union

The Octagon Abstract Domain

28



Union
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Union over approximation

30



m vn"

L

Widening

_|_
4 ) My,
+ 00
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Widening

The Octagon Abstract Domain
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Widening
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Widening - 2

Theorem 8:
1. DY (m*vn™) D DT (m™)UDT (n™).
2. For all chains (n.");cn, the chain defined by induction:

(

bl my, v((n)®) elsewhere,

is increasing, ultimately stationary, and with a limit greater
than \/, (n;")*.
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Equality and Assignment

Pfroperty 1:
1. DT (m ( )) D {s € DT (m™") | s satisfies g}.

2. D*H(m;, ) 2 {slsi — e(s)] | s € D+ (m*)}
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Example definition

Definition 2:

+ &
1. [m(’b’k TV SC)} ij -

min(m;’,c) if (j,4) € {(2k, 20+ 1); (21,2k + 1)},
m; elsewhere,

]
+

s . +
and similarly for m, —v<e)

and m ', _.,<e -
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Example definition

_|_
| >

_|_

(v <c) m(U;C+U;C <2c)’ and

_|_
[ D>
_|_

(v >c) m(—vk—ka—QC) '

_|_

and similarly for m; _ _ . .
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Example definition

_ A |
4. [m+ — Il’l:; -+ (Of@j —+- ﬁ@j)c, with

(v —vi+c) | i

+1 if =2k

1 ifj=2%k4+1.
0 elsewhere |,

D>

Of@j
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and

/Bij

Example definition

N —1 it = 2K,
= +1 if 1 = 2k + 1,
0 elsewhere
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Example definition

A
D. [mak.{_m—!—c)Lj —
@ if (7,4) € {(2k,20); (2l + 1,2k + 1)},
—cC if (7,4) € {(21,2k); (2k+ 1,21 4+ 1)},
by ifij ¢ {2k 2k + 1}
+00 elsewhere,
for k # 1.
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Example definition

6. In all other cases, we simply choose:

m, = m*,
mt | & {05 fiid (k241
m = ¢

(V=€) | 4; - 400 elsewhere .
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Coherent DBM's lattice

Theorem 9:
1. (MT,C,n,U, L, T) is a lattice.
2. This lattice is complete if (I, <) is complete (I = Z or
R, but not Q).
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Strongly Closed DBM's Lattice

W s fo if i = j
I +00 elsewhere,

either m™ = 1°,

A
T [®* Nt
m" L°n" <—
= { or mt,nT #1° mt <In",

N m™ ifnt = _1°
=< nt if mt = 1°,
mtVvVnt elsewhere,
Ny if 1*e{m*,n"} or
= DT(m™* An™) =0,
(m* An™)® elsewhere .

m'TL®°nT
m*M*n*



Meaning function

-

0 fmt=1°,
. DT(m™)  elsewhere .
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Galois Connection

Theorem 10:
1. (M9 ,C* %1, L® T°)is alattice and y is one-to-one.
2. If (I, <) is complete, this lattice is complete and ~ is

meet-preserving: Y([°X) = ({v(z) | x € X}. We can—
according to Cousot and Cousot [18, Prop. 7]—build a
canonical Galois insertion:

PV 1) —= M}

where the abstraction function o is defined by:
o X) =T {zeML[XCr()} .
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Program Interpretation

e For [(I;) vi < € (lix1)], we set m, | = (m ), e

o For a test [(I;) if g then ({;41) --- else (I;) -], we set
m,, = (m;")() and mj = (m;)().

e When the control flow merges after a test [then --- (I;)
clse - (1) fi (L;1)]. we set mf,; = ((m)*) U ((m)*).

1
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While Loop Interpretation
e For a loop [ (/;) while g do (I;)-- (lk) done (lx11)],

we must solve the relation mj = (m;” Um; ). We solve
it iteratively using the Wldemng suppose m; is known
and we can deduce a m; ;. from any 1’1’1Jr by propagation; we

compute the limit mj of

{ m+0 = (m;")(y)

_;I,_'TL—I—l mjnv((m:n)zg))

then m;: is computed by propagation of m! and we set

j
m:ﬂ = ((m;" )(ﬁg)) U ((my) )(ﬁg))
At the end of this process, each m; is a valid invariant
that holds at program location [;. This method is called
abstract execution.
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Example Program

(Z{J) a—0;7—1 (Zl)
while i < m do (l2)
if 7
then (I3) a «— a+ 1 (ly)
else (I5) a — a—1 (lg)
fi (I7)
1 —1+ 1 (lg)
done (lg)
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Initial State

mar:_l'
m ={i=1a=01-i<a<i—1}
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First lteration

First iteration of the loop

¥

a=0;1—-i<a<i—1;1i<m}
_I_

ms o = 5 g = Iy g

mi{):{izl;
mﬁTo:{i:h
m;, = {i=1;
mg?o:{i:&

a=1;2—-i<a<i;i<m}

a=—-1; —i<a<i—2;i<m}
a€[-1,1; —i<a<i;i<m}
ae[-1,1;1—-i<a<i—1;i<m+1}
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Second lteration

Second iteration of the loop
+ oo oo ot +
m,; =my; =My =My, V (Mg ()i<m)
={1<i<m;1—i<a<i-—1}

m11:{1§i<m; 2—i<a<i}

mﬁtlz{lgi<m; —igagz’—Q}

m;, ={1<i<m; —i<a<i}

méﬁlz{Qgigm—l—lg 1—3’5@53’—1}

The Octagon Abstract Domain

51



Third lteration

Third iteration of the loop

m;, = mj (fixpoint reached)
+ _ o+ + o+
m, = Iy 4 mg = Mg 4

mg ={i=m+1;1-i<a<i-—1}
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