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Decision Procedures

Decision procedures for Presburger Arithmetic

Quantifier Elimination

Cooper’s Algorithm

Automata based

Omega Test
...
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Description

Satisfiability of the conjunction of two type of constraints

n∑
i=1

aibi = b
Variable elimination using a
method based on Euclid’s
algorithm

n∑
i=1

aibi ≤ b Variable elimination using the
Fourier-Motzkin method
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Euclid’s Algorithm

GCD(a, b) =

{
a if b = 0
GCD(b, a mod b) otherwise

Example

GCD(22,6) = GCD(6,4) = GCD(4,2) = GCD(2,0) = 2
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Least Remainder Algorithm

GCD(a, b) =

{
a if b = 0

GCD(b, a m̂od b) otherwise

Idea: Instead of replacing b by (a mod b) during the division step,
replace it by (a mod b) - b if |a mod b| > 1

2b

a m̂od b
def
= a− bb a

b + 1
2c

Example

GCD(22,6) = GCD(6,-2) = GCD(-2,0) = -2
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Equality Constraints

We want to eliminate the variable x1 in the system using the following
equation

a1x1 + a2x2 + · · ·+ anxn = b

1 if a1 = 1: move all the terms other than x1 to the right hand side
2 if a1 > 1:

I if a1 divides a2 · · · an then there is a solution only if it divides also b
F Divide both sides by a1 and compute as the first case

I if a1 fails to divide a2 · · · an

F Introduce a new variable x ′
1 by

ba1/a1cx1 + ba2/a1cx2 + · · ·+ ban/a1cxn = x ′
1

F Solve the equation for x1 and replace the original equation with the
following

a1x
′
1 + (a2 mod a1)x2 + · · ·+ (an mod a1)xn = b
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Equality Constraints

Exercise

Remove the equality constraints from the following system
x1 + 3x2 + 5x3 = 9
2x1 + 3x2 = 6
x1 + x3 ≤ 7

The Omega Test method uses the least remainder algorithm instead of the
Euclid’s algorithm
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Fourier-Motzkin Elimination

(∃x .ax ≤ α ∧ β ≤ bx) ≡ aβ ≤ bα

ax ≤ α

β ≤ bx

aβ ≤ bα

(a, b > 0)

Does the equivalence hold for the integers?

(∃x ∈ Z.3 ≤ 2x ∧ 2x ≤ 3) 6≡ 6 ≤ 6

Exercise

A sufficient (but not necessary) condition for existence of integer x in the
equivalence is the following bα− aβ ≥ (a− 1)(b − 1)
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Inequality Constraints

Check real shadow

Check dark shadow

Exhaustive Search

No integer solution

Integer solution

Integer solution

UNSAT

SAT

SAT

No integer solution

UNSAT

No integer solution in dark shadow

Possible integer solution
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Real Shadow

Check if there are integer solutions in the real solution space


3x + 5y ≥ 15
x − 3y ≤ 0
5y + x ≤ 11

1 2 3 4 5 6

1

2
3

4

5y + x ≤ 11

x− 3y ≤ 0

3x + 5y ≥ 15
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Dark Shadow

The subset of the real shadow that further satisfies the integer constraint

(bα− aβ ≥ (a− 1)(b − 1))⇒ (∃x .ax ≤ α ∧ β ≤ bx)

This can eliminate the false positive from the previous example{
5y ≤ 11− x
15− 3x ≤ 5y

3 does not satisfy the following constraint:
5(11− x)− 5(15− 3x) ≥ (4)(4)
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Omega Nightmare

No integer solution in the dark shadow is not enough

If the real shadow is non-empty but the dark shadow is empty an
exhaustive search is done (∃x .ax ≤ α ∧ β ≤ bx)

Try all the integers i such that 0 ≤ i ≤ ab−a−b
a

See if any of the equations of the form bx = β + i has an integer
solution

Splinters
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