Arrays

Using array as an expression, on the right-hand side

' a: Array(T) ['Fi: Int
[ ali]:T

Assigning to an array

' a: Array(T) [ i: Int 'Fe: T

' (a]if =e): void




Example with Arrays

def next(a : Array[Int], k : Int) : Int = {
alk] = alalk]]
}

Given I" = {(a, Array(Int)), (k, Int)}, check I + a[k] = a[a[k]]: void

[+ a: Array(Int) ' k: Int
I' - a: Array(Int) ['F alk]: Int

[' - alalk]]:Int [ ta: Array(Int) [+ k:Int

I' - alk] = alalk]]: void



Type Rules (1)

(x: T) eT

variable constant
T-x T IntConst(k): Int
F|_€1:T1...F|_€nZTn Fl_f(T1XXTn%T)
' fler,...,en): T function application
['Fep: Int I'F ey Int olus ['eq: String [' - es: String
[ (e1 +e2): Int ['t (e1 + e2): String
[' = b: Boolean I'Fey : T ['Fey: T .
[ (if(b) e; else e5) : T
I' - b: Boolean I’ - s: void (x, T) €Tl e T

[' - (while(b) s): void

while

['+ (x=e): void

assignment




Type Rules (2)

Fe T )

' {e}: T I' H{}: void
e {(r. 7)) b {fa: . it} T

I'H{var x : Ty;to; ... ;to}: T > block

['F s1: void - A{te; ... 5ty}: T

I'EA{syste; ... 5t} T Y
' a: Array(T) ['Fi: Int
array use
['Fali]: T
't a: Array(T) '+ i: Int 'Fe: T array

[t ali] =e assignment




Type Rules (3)

I'¢ - top-level environment of class C

class C {
var x: Int;
def m(p: Int): Boolean = {..}

S

I'°={(x, Int), (m, CxInt —> Boolean)}

F'Fe:C TFm:CxTix ... xTy = Thia ke :T; 1<i<n
'tem(er, ... ,en): That

method invocation

['Fe: C “kf T fiald
TFef T eld tse

[' Fe: C Nr“+f T

1 Ex T field assignment
I'F (e.f = x): void




Does this program type check?

class Rectangle { w: Int, h: Int,
var width: Int I = x: Int, y: Int,
var height: Int ™) area : Unit - Int,
var xPos: Int resize : Int — Unit

var yPos: Int
def area(): Int = {
if (width > 0 && height > 0)
width * height
else O
}
def resize(maxSize: Int) {
while (area > maxSize) {
width = width / 2
height = height / 2
}
}
}

Type check: area

Type check: resize



Semantics of Types

e Operational view: Types are named entities

— such as the primitive types (Int, Bool etc.) and
explicitly declared classes, traits ...

— their meaning is given by methods they have

— constructs such as inheritance establish
relationships between classes

e Mathematically, Types are sets of values
—-Int={...,,-2,-1,0,1, 2, ... }
— Boolean = { false, true }
—Int2 Int={f:Int->Int | fis computable }



Types as Sets

e Sets so far were disjoint -
|
Boolean
true, false

e Sets can overlap

C represents not only declared C,

@ but all possible extensions as well
a C

Int class C

class D |
Int — Int F
F extends D,
D extends C




SUBTYPING



Subtyping

e Subtyping corresponds to subset
e Systems with subtyping have non-disjoint sets
e T,<:T, means T,is a subtype of T,

— corresponds to T, < T, in sets of values

e Rule for subtyping: analogous to set reasoning
In terms of sets
FFe: Ty T, <: Ty e e 1} 17 C 15
I'Fe:T5 e € T2

Int




Types for Positive and Negative Ints

Int={...,-2,-1,0,1, 2, ... }
Pos={1,2,..}
Neg = { i) -2, -1 } (not including zero)

(not including zero)

types. Pos <: Int sets: Pos c Int

Neg <: Int Neg c Int

I' - x: Pos [' - y: Pos x € Pos y € Pos
I'-x 4+ y: Pos x + y € Pos

[' - x: Pos ['+y: Neg x € Pos y € Neg
['Fx *y: Neg x *y € Neg

' - x: Pos I' - y: Pos < € Pos v € Pos (y not zero)
I'Fx/y: Pos x /vy € Pos (x/y well defined)



Rules for Neg, Pos, Int

I' -x:Pos I'y:Neg

Fx+y:?777?

I' -x:Pos I'y:Neg

Fx*xy:?7?77?

I'Fx:Pos TI'Fy:int

'Fx+y:?777

I'Ex:Pos ©'Fy:int

' x*xy:?777



More Rules

I' - x: Neg I' = y: Neg
' x *y: Pos

I' - x: Neg I' - y: Neg
I'-x 4+ y: Neg

More rules for division?

I' - x: Neg I' - y: Neg

I'-x/y: Pos

I' - x: Pos [I' = y: Neg

I'-x /y: Neg

[' = x: Int I' = y: Neg

I'Fx/y: Int



Making Rules Useful

e et x be a variable

' x: Int '@ {(x,Pos)}t e : T I'Fey: T
['F (if (x > 0) ey elseey): T

[ x: Int ey : T '@ {(x,Neg)}Fex: T
' (if (x >=0) ey else e3): T

var x : Int
var y : Int
it (y > 0) |
if (x > 0) {
var z : Pos = x * y
res =

10 / =z
bl Q\ type system proves: no division by zero






Subtyping Example

def f(x:Int) : Pos = {
1f (x < 0) —-x else x+1
}

var p : Pos
var g : Int

q = £(P) <€—— Does this statement type check?

Given:
Pos <: Int
I' - f: Int — Pos

p: Pos Pos <: Int
p: Int f: Int — Pos

f(p): Pos Pos <: Int

(q, Int) €T f(p): Int

q=f(p): void



Subtyping Example

def f(x:Pos) : Pos = {
1f (x < 0) —-x else x+1
}

var p : Int
var g : Int

q = £(P) <€—— Does this statement type check?

does not type check



What Pos/Neg Types Can Do

def multiplyFractions(pl : Int, g1 : Pos, p2 : Int, g2 : Pos) : (Int,Pos) {
(p1*ql, g1*q2)

}

def addFractions(p1 : Int, g1 : Pos, p2 : Int, g2 : Pos) : (Int,Pos) {
(p1*q2 + p2*ql, q1*q2)

}

def printApproxValue(p : Int, q : Pos) = {
print(p/q) // no division by zero

}

More sophisticated types can track intervals of numbers and ensure
that a program does not crash with an array out of bounds error.



Subtyping and Product Types



Subtyping for Products

T, < T, implies for all e: I'-e: Ty

I'+e: T2
Type for a x T y 1o
uple: (2,y) : T1 X Ty

x: T Ty <: T y:Th Ty, <: T4
x T y 15
(z,y) T x T3

So, we might as well add:

<17 Tr< 1 covariant subtyping for pair types
Ty x Ty <:T] x T4 denoted (T, T,) or Pair[T,, T,]




Analogy with Cartesian Product

Ty <: T} Ty <: T
T X 15 <ZT1/><T2/

TWCT — TyCT!
Ty x Ty CT] x T3

AxB={(ab)|acA, beB}




Subtyping and Function Types



Subtyping for Function Types

T, <: T, implies for all e: I'Ee:Ty
F |_ e . T2
contravariance covariance

r A \ r A N\
T <: Ty ... T < T, T <1
(Ty x ... xT,, = D<:AT x ... x T =T

Consequence:
Fm:Ty x ... xT, — )”Fel T\ TFe,:To—
C'-m(ey, ... ,en): T @

C'Em(ey, ... ,en): T’
asif T|-m: T x..xT,  »T



Function Space as Set

A function type is a set of functions (function
space) defined as follows:

T,>T,={f| Vx.(xe T, > f(x) eT,)}

contravariance because
X € T, Is left of implication

We can prove

T'CT) T,CT,
T1—>T2§T1’%T2’




Proof T,>T,={f|Vx (xeT,>f(X) e T,)}

T, CT T, C T
T1—>TQQT{%T2/




Subtyping for Classes

e Class C contains a collection of methods

e For class sub-typing, we require that methods
named the same are subtypes



Example

class C {
defm(x:T,):T,={...}
}

class D extends C {
overridedef m(x: T')) : T, ={...}

}

D<:C soneedtohave (T, =2T,)<:(T,=2T,)
Therefore, we need to have:

T,<T, (result behaves like the class)
T,< T, (argument behaves opposite)



Mutable and Immutable Fields

e We view field var f: T as two methods
—getF: T T
— setF(x:T): void T = void

e Forval f: T (immutable): we have only getF



Could we allow this?

class A {} class B extends A {...} B<:A

class C{
val x: A=..

}

class D extends C {
overrideval x : B = ...

}

Because B <: A, this is a valid way for D to extend C( D <: C)
Substitution principle:

If someone uses z:D thinking it is z:C, the fact that they read
z.x and obtain B as a specific kind of A is not a problem.



What if x isa var ?

class A {} class B extends A {...} B<:A

class C{
varx:A=..

}

class D extends C {
overridevarx:B = ... ?1?

}

If we now imagine the setter method (i.e. field assignment),
in the first case the setter has type, for D<: C

e B<: A, because of setter (reading values)
e (B ->void) <: (A ->void), so by contravariance A<: B
e Thus A=B



Soundness of Types

ensuring that a type system

is not broken

For every program and every input,
if it type checks, it does not break.



