|=0
while (i < 10) {

i=i+1}

source code

characters words
(tokens)

Type Checking




Evaluating an Expression

scala prompt:
>def minl(x:Int,y:Int) :Int={if (x<y) x else y+1 }
minl: (x: Int,y: Int)Int
>min1(10,5)
resl: Int=6

How can we think about this evaluation?

x =2 10
y—=>5
if (x <y) x else y+1 '_F 6

/ \\\
<-False
/ \ X / \
|OX \/5 \/5 1




Computing types using the evaluation
tree

scala prompt:
>def minl(x:Int,y:Int) :Int={if (x<y) x else y+1 }
minl: (x: Int,y: Int)Int
>min1(10,5)
resl: Int=6

How can we think about this evaluation?

X :Int—> 10
y:int>5 Int
if (x <y) x else y+1 "_F 6

éo\e \\\ 'g

. /<\—Fo\lcslev: X +
In
<. Int {n‘t \ Int




We can compute types without values

scala prompt:

>def minl(x:Int,y:Int) :Int={if (x<y) x else y+1 }
minl: (x: Int,y: Int)Int

>min1(10,5)
resl: Int=6
How can we think about this evaluation?
X :Int mus't 'éype c\aecL
y @ Int t both braunches

In
if (x <y) x else y+1 "_F

“ "\N\M

< Bode Int 4
it \ it A/ \ln‘t

\//\/In‘t 1




We do not like trees upside-down




Leaves are Up

type rules move
from leaves to root




Type Judgements and Type Rules

e e type checks to T under I' (type environment)
[Fe : T

— Types of constants are predefined
— Types of variables are specified in the source code

e If e is composed of sub-expressions

I'Feq: Ty - TEey: T,

'Fe:T




Type Judgements and Type Rules

e : T

If the (free) variables of e have types given by the type
environment gamma, then e (correctly) type checks
and has type T

Fl_el:Tl cec Fl_en:Tn

['Fe:T

If e, type checks in gamma and has type T, and ...
and e, type checks in gamma and has type T,
then e type checks in gamma and has type T

type rule




Type Rules as Local Tree Constraints

R ff\ '“}y 7\ /l
y d< /X N
Bo eam\ /
£
Type Rules
e;:Int e, : Int
e; < e, : Boolean
T / T for every type T, if

b has type Boolean, and ...
‘Boo\€<“ ﬁ then
£

b:Boolean e;:T e,:T
|@—r ‘ if(b) e, else e,: T




Type Rules with Environment

X 1
Int \<|“>\/ an.\ /Int

Boo\ea\n In‘t In‘t.
type e //

envwowev\‘c

r' Int
Type Rules
(x:T)el
M T [ut Const (k) Int
CEeslnt Mhe,tlnt withew) in the sawme) environmeut IV

M (e <€;):Boolean

the expression €,<€; has type Bool .

Mrb:Boolean The:T T lepT

Theg e MNMEe
N (e + €y nt Crafb) e elsee,) T




Type Checker Implementation Sketch

def typeCheck(I" : Map|[ID, Type], e : ExprTree) : TypeTree = {
e match {

case Var(id) =>{ ?? }

case If(c,el,e2) =>{??}

1

case Var(id) => {I'(id) match
case Some(t) =>t
case None => error(Unknownldentifier(id,id.pos))

}




Type Checker Implementation Sketch

e case If(c,el,e2) =>{
val tc = typeCheck(I',c)
if (tc != BooleanType) error(IfExpectsBooleanCondition(e.pos))
val t1 = typeCheck(I’, el); val t2 = typeCheck(I’, e2)

if (t1 !=1t2) error(IfBranchesShouldHaveSameType(e.pos))
tl

}




Derivation Using Type Rules

X :Int | 5 ln‘t.\/ 7 1.
. n \ /Int
Boo\ea\n\ / Int Int
£
Int
Let N= { (x,lv\{\, (q,lwﬂ} . W,I.‘Her‘
(x,lut) €F AL G \we) € T PrLt lut
P Fxiut MEytlut T Fxtlnt
M F(y+1): It

M (x<Yv): Booleaw
M F(if(x<y) % @\se i) ¢ lut




Type Rule for Function Application

e Ty - THe,: Ty, THE(TX-XT,)—>T

['-f(eq, -, ep): T




Type Rule for Function Application
[Cont.]

We can treat operators as variables that have function type

4+ lutxlut - lnt
< & \mtx lut = Boolean
22 Boo\eau X Boo\ eaw = Boe\edvl

We can replace many previous rules with application rule:

MFe,: T, MFea T, T (o> xTy) = T)

=

M+ f(es,..,ew T

I'e;:Bool T Fey:Bool T &&:(Bool X Bool) = Bool

[' -e; && e,: Bool




Computing the Environment of a Class

=1
object World {
var data : Int (data, fnt) )
var name : String (name, St‘ri\ng),
def m(x : Int, y : Int) : Boolean{ ... } (W, [nt xlut — Booleaw) |
def n(x : Int) : Int { (n, lut = luk),
if (x>0)p(x—1)else 3
}
def p(r:Int) : Int ={ (p) Int - lnt )
vark=r+2
m(k, n(k))
} j

}

We can type check each function m,n,p in this global environment




Extending the Environment

DR

class World {
var data : Int (data,iut),
var name : String (name, St"“"‘j),
def m(x : Int, y : Int) : Boolean{ ... } (W, [nt xlut — Booleaw) |
def n(x : Int) : Int { (n, lut = luk),

if (x>0)p(x—1)else 3 (p, \nt >1lat)
} < r‘o

def p(r:Int) : Int ={
var k:Int=r+ 2
mik, n(k)
}

<, = n ® 1 (r’,\wk)’]
r‘z = r'1.@ { (k,‘h{:\} = r’oU{(?,lu{:\’(k‘l"{)}

}




Type Checking Expression in a Body

=1
class World {
var data : Int (data,iut),
var name : String (name, St"“"‘j),
def m(x : Int, y : Int) : Boolean{ ... } (W, [nt xlut — Booleaw) |
def n(x : Int) : Int { (n, lut = luk),
if (x>0)p(x—1)else 3 (p, \nt >1lat)
} — I,
def p(r |nt) Boolean = { e ‘ ,E)B Remember
varkint=r+2 < =T ‘B{(k oy (TOT) @ (T} 5
mk, nk) M=otk (T (T}
} [, - n:Int - Int T, - k: Int
} Fz - k: Int

: [L F m:Int X Int -
I Fn(k): Int Bool

I, - m(k,n(k)): Bool




Type Rule for Method Definitions def m(xy: Ty, -, X5: Tp): T = e
1O, T e T

=

M b (def m X T, Xa'TW) 1 T=e ) 10K
T

Type Rule for Assignments

(x,7) €l MNbe:T
= (x:e,\-,vo'la

Unit
Type Rules for Block: { var x;:T; ... var X,:T; S;; ... S;; € }
b S,: Void
re { (*"T‘)l ")) ()(“tT“\ \' Sw .void
e T

[T P var Y, T yvae Xai Th s S50 S )CS T




Blocks with Declarations in the Middle

MFeT just
Mk gey-T  €Xpression

T‘@{(X;Tl)‘ﬁ l—- g‘{:z‘)“ | Em} T

M {var x:T, e ‘“)"2\4\] T

PESivod Tt - by

Pe{ s a0 tadT

empty
Mk {}:void

declaration is first

statement is first

N




Rule for While Statement

b b:Boolean 'k s:vold

" F (while (b) s) . void




Rule for a Method Call

class To 1

;i.e-{: VV\("\.°TI)... )Xn.' Th\ T :{.
}..\

-

Me X' T,

ry Ew: TOXT‘)(...)(T\A-.’T

Vied,2,..,n%
Nk e;:T;

r-' “ X.W\ (e|,...)ev\\ .. T
[

wA (X' Q‘, ...,?\4\




Example to Type Check

Io={
object World { (z, Boolean),

. (u, Int),
var z : Boolean (f, Boolean — Int) }
var u : Int

def f£(y : Boolean) : Int {
z =y < I, =T, ® {(y, Boolean)}
1f (u > 0) {
4 =u - 1 ['y - z: Boolean I'y - y: Boolean
var z : Int I'y F (z=y): void -
z = f£(ly) + 3
Z+2z
} else { 0 }
} Exercise:
) 227

[' - if(u > 0){ body } else { 0 }: Int

—




(u,Int) € I’

- F1:Int
(u,Int) e '+u :Int

Solution

(y,Boolean) € I

I I y:Boolean (f,Boolean — Int) € I

[+ ly:Boolean [+ f:Boolean — Int (z,Int) €I (z,Int) €I

F3:Int

I"F£(ly):Int I z:Int [+ z:Int

Ik {z=£(1y) +3} :void '+ {z+z}:Int

I"=T7 (z,Int) F {z=£(1y)+3;z+z}:Int

F0:Int
I'Fu :Int ' u=u-1:void

L't {var z:Int;z=f(!y)+3;z+z}:Int

I'Hu > 0 :Boolean

{u=u-1;var z:Int;z=f(ly)+3;z+z} :Int

F0:Int

'tif (w>0) {u=u-1; var z :Int; z = £(ly) + 3; z + z } else { 0 } :Int




Overloading of Operators

Int X Int — Int

'~ eq: Int I' - es: Int
' (e; + e2): Int

Not a problem for type checking from leaves to root

String x String — String

[' eq: String ['F ey: String

' (e; + eg): String




