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Today

e Type Checking Idea
— Evaluation and Types
— Type Rules for Ground Expressions
— Type Environments
— Assignments
— Arrays



Evaluating an Expression

scala prompt:

def min1(x:Int,y:Int) : Int={if (x<y) x else y+1 }
minl: (x: Int,y: Int)Int

min1(10,5)

resl: Int=6

How can we think about this evaluation?

x =2 10
y—=>5

if (x<y) x else y+1 .
I+



Each Value has a Type

scala prompt:

def min1(x:Int,y:Int) : Int={if (x<y) x else y+1 }
minl: (x: Int,y: Int)Int

min1(10,5)

resl: Int=6

How can we think about this evaluation?

X :Int—> 10

y:Int=>5 Int

if (x<y) x else y+1 T‘F

Int
< éﬁo\eox\*
X
Intx / \ Int {qt \ .
7 Y 1



We can compute types without values

scala prompt:

def min1(x:Int,y:Int) : Int={if (x<y) x else y+1 }
minl: (x: Int,y: Int)Int

min1(10,5)

resl: Int=6

How can we think about this evaluation?

X :Int
y :Int Int
if (x<y) x else y+1 T‘F
édeax\ Int
< Xln‘t =
Intx / \ Int {qt \ -
7 Y 1



We do not like trees upside-down




Leaves are Up

type rules move
from leaves to root







Type Rules as Local Tree Constraints

Type Rules

for every type T, if

b has type Boolean, and ...
b BOO\eQ%ene": L

(F(B) e, else e.): T




Type Rules with Environment

. X N 1
X :Int Int
y @ Int "t \< / InZ.\ /Int

Boo\eav» /'nt/lnt
i
Int
Type Rules
(x:T)el
M xeT [ut Const (k) Ink

CEenint Che,lnt L(thew in the Sawme) euvironmeut T

' 4 Bool.
M (e,<2€;3) :Buolean the expression €,<€; has 4:\1?6

r‘\-al-‘\vd: r"“ €, ut P\"\D'.Boo\eao\ Pl_ et"'r r”_ez:_r
M (ey+e)tInt CECifb) ey elsee,) . T




el

If the free variables of e have types given by gamma,
then e (correctly) type checks and has type T

FFCL:TL I’\l"‘em:—r‘q

==

NF e T
If e, type checks in gamma and has type T, and ...

and e, type checks in gamma and has type T,
then e type checks in gamma and has type T



Derivation Using Type Rules

X :Int |ni< In't.\/ \/ L
y:Int \< / ’ < ln‘t\"_/ln‘t
BOO\“M\ /IM/Wc
1§
Int
Let N-= { (x,lu{\, (\-hlwl;)} - (w‘luk)e\"
(x,lwlr\ eP (‘1,'\4{) GE (x‘\\ﬁ‘k\ e F;\'““" r'l—l: lU\'{’.
P Fx.ut MEyilut M Fxtnt
M E g+ nt

M (%x2Y): Booleaw
s (i¥(x<\1\ % e\se \1H) L lnt




Type Rule for Function Application

We can treat operators as variables that have function type

4+ @ lutxiut > lnt
< . IntXx wt = Boolean
22 Boo\eau xBoo\ eaw = Boo\edm

We can replace many previous rules with application rule:

Mtey: T, o TFea T, TEFF(TyxxTn =>T)

—

M- ?(ea.‘m,e'n) VT




Computing the Environment of a Class

=1
object World {
var data : Int (data,iunt),
var name : String (name, S’criv\‘j);
def m(x:Int,y:Int):Boolean{...} (wm, [nt xlut — Boslean)
def n(x : Int) : Int { (n, lut =>luk),
if (x>0)p(x—1)else3
}
def p(r: Int) : Int = { (p) lut > It )
vark=r+2
m(k, n(k))
} h
}

Type check each function m,n,p in this global environment



Extending the Environment

=1

class World {

var data : Int (date,int),

var name : String (name, S’criv\‘j);

def m(x:Int,y:Int):Boolean{...} (wm, [nt xlut — Boslean)
def n(x : Int) : Int { (n, lut =>luk),

if (x>0)p(x—1)else 3 (p, \nt =>1ak) |
}

def p(r: Int) : Int ={
var k:Int=r + 2
m(k, n(k))
}
}



Type Checking Expression in a Body

=1
class World {
var data : Int (data,int),
var name : String (name, Stm’“j);
def m(x:Int,y:Int):Boolean{...} (wm, [nt xlut — Boslean)
def n(x : Int) : Int { (n, lut =>luk),
if (x>0)p(x—1)else 3 (p, \nt =>1ak) |
}
def p(r: Int) { Int = {
var k:iint=r+2
mik, (k) kilnt M Fn:lat »lut
} : PL i ln® ~vE M+ milntxnt 5int
W e bt M2 n(k) :lut ’

N, F mk () dut



Remember Function Updates

{(X;T1);(V;T2)} @ {(X;Tg)} = {(X;Tg)i(szz)}



Type Rule for Method Bodies
r®{eaT), o, 6Ty F e’

—

r‘ "‘ (&ef M(Xl"T‘)"';Xv\"T“) 'oT-= e.) :Ok

Type Rule for Assignments
(,TYET N e:T

M+ (x=¢e) -vold
Type Rules for Block: { var x;:T; ... var X,:T,; S;; ... S;,; € }

S,L-.vo'\a

D 16T, O kn, T} |- Suivoid
e . T

M vy T Ve XaiTh s Sy i Sn e g o T




Blocks with Declarations in the Middle

Mr+e '.TA just o
Mk Sey T expression Ok {31\/0!'4

N {(x,T)} it et T
Nk {var x: Tty v tn Y T

declaration is first

r' - S,:VO}A rl('{kz')*“‘/‘kw} T .
statement is first

N1 Si) ‘E’L'//t"‘ST




Rule for While Statement

M+ b:Boolean Y_'\—S‘.VO'lc{

Mk (w\/\'\\e (b) s) : void




Rule for Method Call

class To {
25.2.4 W\(*\"Tl,... , Ko s Th\ T 2§
i

Y

V—CG{I,QW.,WE
Me X T, N Toum . Tox Ty X ... xTy=>T Mk e:!T:

M xwm(e,..,en) . T



Example to Type Check

cltass World {
var z : Boolean
var u : Int
def f(y : Boolean) : Int {
Z=Y
if (u>0){
u=u-1
var z : Int
z="f(ly)+3
Z+7
}else {0}

}
}



Overloading of Operators

’Vfb(\\l\\’ R ‘W\' r\ ‘_ 6’_ . lV\t r' |" el.‘ lV\'\:

[ = (61_4- ez) L Int

Not a problem for type checking from leaves to root

Sheiugh ey 35y 0 - Sbing T, 5tring
" | (e, +e,)" String




Arrays

Using array as an expression, on the right-hand side

[+ &' Arcay ) MEilnt

Mk alid: T

Assigning to an array

M+ a"P\rray(T) M rilnt Mbe: T

M| (atil=e):void




Example with Arrays

def next(a : Array[Int], k : Int) : Int ={
alk] = afalK]!

} ‘rl - { (&’ Awav (“Al’)s)
Lk, (ut) 7)
T oa: Rreg (wb) Ly

"L a:Arvey /‘“*Dp Foatk]: (nt
Mkafarkd) bt MEoiAre () THEY

"k alk] = at-




Type Rules (1)

(x:T)el :
variable : constant
et [ut Const(L): Int
r‘l_eit-rl [ A LI M- £ (TLX“‘XT\« — T)
E Mk f(ev,..,eW: T function application

M2, String [k €,'5tring

Thepwt  MEe,:wt o
"k (e,+e,)" String

N (er+ 2y Int

plus

Mrb:Boolean The:T T lepT

Crafd) ey elsee,) T if (TVET Nk e:T
M (x:e,\-,vo'lc!
M+ b:Boolean M+ s:void assignment
while

Mk (wWile(b) s) - void




Type Rules (2)

M-e-T \

B

Mk fey.T Mk {§:void
P {(x,T)} it et T

block
P f{vae Tty a2 T
r' - S,:Vo]A P(‘{Ez';u-) '&v\} T
Pe{ S0 fa) 0, tadnT
"+ o va'ro&’(T) MEilwt
- array use
M+ il T
CF a:Arcay(T) [ Fitlnt Fre:T array
assignment

M+ atil=e




Type Rules (3)

e - top-level environment of class C

class C gvar x:lnt, def wm (P:lut):8oplean={..3}

M €- % (%, \ut) , (wm, C % lut = Booleaw) }

PreC PCFmTxT%XTw>Tan  MEe;:T: l<icswn

=

MF ewm(e,y, . ,en): T, , method invocation

M-e:c Mok £:T
Nre.f: T

field use

nre:C M T MeExeT
rl‘- (Q.Q: X\ ‘.\IO(\é

field assignment




Type Rules (1)

(x:T)el :
variable : constant
et [ut Const(L): Int
r‘l_eit-rl [ A LI M- £ (TLX“‘XT\« — T)
E Mk f(ev,..,eW: T function application

M2, String [k €,'5tring

Thepwt  MEe,:wt o
"k (e,+e,)" String

N (er+ 2y Int

plus

Mrb:Boolean The:T T lepT

Crafd) ey elsee,) T if (TVET Nk e:T
M (x:e,\-,vo'lc!
M+ b:Boolean M+ s:void assignment
while

Mk (wWile(b) s) - void




Type Rules (2)

M-e-T \

B

Mk fey.T Mk {§:void
P {(x,T)} it et T

block
P f{vae Tty a2 T
r' - S,:Vo]A P(‘{Ez';u-) '&v\} T
Pe{ S0 fa) 0, tadnT
"+ o va'ro&’(T) MEilwt
- array use
M+ il T
CF a:Arcay(T) [ Fitlnt Fre:T array
assignment

M+ atil=e




Type Rules (3)

e - top-level environment of class C

class C gvar x:lnt, def wm (P:lut):8oplean={..3}

M €- % (%, \ut) , (wm, C % lut = Booleaw) }

PreC PCFmTxT%XTw>Tan  MEe;:T: l<icswn

=

MF ewm(e,y, . ,en): T, , method invocation

M-e:c Mok £:T
Nre.f: T

field use

nre:C M T MeExeT
rl‘- (Q.Q: X\ ‘.\IO(\é

field assignment




Meaning of Types

e Types can be viewed as named entities
— explicitly declared classes, traits
— their meaning is given by methods they have

— constructs such as inheritance establishe
relationships between classes

e Types can be viewed as sets of values
-Int={..-2,-1,0,1, 2, ...}
— Boolean = { false, true }
—Int =2 Int={f:Int->Int | fis computable }



Types as Sets

e Sets so far were disjoint

Pos
112
twe, false @

"Richard" cat"

e Sets can overlap



SUBTYPING



Subtyping

e Subtyping corresponds to subset
e Systems with subtyping have non-disjoint sets

e T,<:T, means T,isasubtypeofT,
— corresponds to T, € T, in sets of values

e Main rule for subtyping ~corresponds to
N e T, T, < T,

r'l-e'.T,_



Types for Positive and Negative Ints
Int={...,-2,-1,0,1,2, ...}

Pos={1,2,...}
Neg = { ooy -2, -1 }
Pos <t lut Pos € lnt
Neg <! lut Neg < Int
M - % : Pos P(-V;Pos ¥ & Pos Vé?"s
ST x+y :Pos x4y € Pos
< Ne
™+ x:Pos kY - Neg xcPos € 9
T""X#V,‘,Neg "“1€N€g
P wiPes [k y:Pos wePos 'y e Pos
X/\/ € Pos

M E *x/y : Pos



More Rules

[7 F x: Neg ’_'/-yiNe3

Mk X xy: Pos

M F % Neg [k y:Neg

M x+9: Neg

More rules {or d i §?ow?
MF xX:Neg Tk yiNeg

T F x/ysl\leq
P Fx:Pos TFY:Ney
Nk %/viNeg
CExilat DFyiMeg
PE x/y: nt

V4
i



Making Rules Useful

e Let x be a variable
M xilut P@{(X'?osyﬁ Fe,: T T'k+e,: T

M-(f (x>0) e, else €, ):T

NExlwd TFReT ToluNeglte, T

MEGF (x>=0) e, ekee,): T

if (y >0) {

if (x>0) {
varz:Pos=x*y
res=10/z

I8



Subtyping Example

Pos <: Int -

£ lnt = Pos
def f(x:Int) : Pos ={

if (x < 0) —x else x+1

}

P Pos (P‘y?QS\ Gv
var p : Pos Ik q:\ub
var q : Int 0:Pos  Pos <ilut

P+ Iwt £:lut = Pos
= q =f(p) £(p).Pos  Posc:lat
(4\ntre T §(p>t \nt

- type checks a- c (P3 —



Using Subtyping

Pos <: Int

def f(x:Pos) : Pos = {
if (x<0)—xelse x+1

}

var p : Int
var g : Int

q = f(p)
- does not type check



What Pos/Neg Types Can Do

def multiplyFractions(pl : Int, g1 : Pos, p2 : Int, g2 : Pos) : (Int,Pos) {
(p1*ql, q1*q2)

}

def addFractions(pl : Int, g1 : Pos, p2 : Int, g2 : Pos) : (Int,Pos) {
(p1%*q2 + p2*ql, q1*q2)

}

def printApproxValue(p : Int, g : Pos) = {
print(p/q) // no division by zero

}

More sophisticated types can track intervals of numbers and ensure
that a program does not crash with an array out of bounds error.



Subtyping and Product Types



Using Subtyping

Pos <: Int

def f(x:Pos) : Pos = {
if (x<0)—xelse x+1

}

var p : Int
var g : Int

q = f(p)
- does not type check



Subtyping for Products

implies M e T,
Tu<"T2_ >  for al € F’l—e:‘l':
VUL Y-,'\’,,
(%,9): T, »xT,
\ x.T,) T <T/ v:Ty Ta¢ ‘T,
\/ T, <\/ T,D
— (s T T, —
S50, we wiq\:& as wel add (%,9): Ty =Ty

\
T<T, T,<T,
\
TixTy < TI X Ty Faie Y.Tl,T),-\




Analogy with Cartesian Product

) \ )
T‘ <:T, T, <'.T7_‘ Tﬁ. QTi T, < T‘b

. ) \
T XTy < TixT T, XxT, € Tg‘ XT?.‘

\ -~ - 7 —_— - — -
) f \
o R

Ly c( Ty !
- - < vy [
- — —
/ ( [ 7/___!.‘
]
Ts. )

AxB ={ab| acA beBy



Subtyping and Function Types



Subtyping for Function Types

implies N rLe: T,
T.'<.‘T2- >  for ol € Ppe-‘r‘
é"‘_— v 12
contravariance Covariance
} f-\)\

T e T .. TicTa T<GT

TxXTLaT < T"x...x‘l‘v: =T

Consequence:
G}—w\‘\'x ij

r‘\—e . T, l"‘l-e.,\.

—————

?‘ss-‘fv\ T xexTu > T Crw(e,.eniT
Pl"W\(e“u-)evb.‘T, ‘




Function Space as Set

To get the appropriate behavior we need to
assign sets to function types like this:

T,2T,={f|vx. (x€T, - f(x) €T,)}

We can prove




T =T, ={f ) ¥xeT - £ GO €Ty }

Proof

. )
TI,C. T \I‘C‘Tz

—_— |
TI""'z = 1—,—5T1\

let T'ST, auwd T, €T, .
let feT -m
Thus W%, xeT, » L (X)&€T,

Le‘t W € T: . Froua T)‘STZ) also X ET, \ \
Thus (Ve T,. By T),C-Tz , also ‘C(X\GTz

Thus, ¥y weT, 5 £)eT,
T‘nefzﬁore) £ e T',’—-s‘l‘,)_‘

)

. — \
Thugy, W =Ty € T, » T, .



Subtyping for Classes

e Class C contains a collection of methods

e We view field var f: T as two methods
— getF(this:C): T C2>T
— setF(this:C, x:T): void Cx T -2 void
e Forval f: T (immutable): we have only getF
e Class has all functionality of a pair of method

e \We must require (at least) that methods
named the same are subtypes

e If type T is generic, it must be invariant
— as for mutable arrays



Example

class C{
defm(x:T,):T,={...}
}

class D extends C {
overridedef m(x:T'}) : T', ={...}
}

D <: C Therefore, we need to have:

T,<: T, (argument behaves opposite)
T,<:T, (result behaves like class)



Today

e More Subtyping Rules
— product types (pairs) v
— function types v4
— classes v

e Soundness <——
— motivating example
— idea of proving soundness
— operational semantics

— a soundness proof

e Subtyping and generics



Example: Tootool 0.1 Language

Tootool is a rural community in the central east part of the Riverina

[New South Wales, Australia]. It is situated by road, about 4 kilometres east
from French Park and 16 kilometres west from The Rock.

Tootool Post Office opened on 1 August 1901 and closed in 1966. [Wikipedia]



unsound

Type System for Tootool 0.1

Pos <: Int

Neg <: Int

X: T e. T :

oo )ivd assighment
X= © VO
e:T T<«T! .
= subtyping

p: Pos  Pos <ul,
| p:int

does it type check? -yes

def intSqgrt(x:Pos) : Pos ={...}
var p : Pos
var g : Neg
varr: Pos
gqg=-5
P=q
r = intSqrt(p)

Runtime error: intSqrt invoked

with a negative argument!
Neg <ilnt
/

<« r={ ,?05), @, Ne33)(r)?osxl
(imtsqrt, fos - Pos) 3

q:N26

g Iwt

(P=9)

: VO\A



What went wrong in Tootool/ 0.1 ?
does it type check? -yes

< :
EC;S <.I|r;]tt def intSqgrt(x:Pos) : Pos ={...}
V.rg : var p : Pos
e T Terd ossi ghment varq : Neg
’H(X=e): void 31_ ‘ varr : Pos
R GUI\LTY | _ ° \
q-= 5€|"={(?, os),(q,Negx(\‘,?os '
— (tsqrt, fos -2 Pos)
e T T <T! . P=4q
— subtyping r = intSqrt(p)
re:T Runtime error: intSgrt invoked

with a negative argument!

fore
ot 2 T ¢ can bve. auy value Srom T

? PFe T

M+ (x=e)  void
, . |
Cannot use MFXIT to mean "X Promises i/t can store awy QET




Recall Our Type Derivation
does it type check? -yes

Pos <: | _
NZS < |r:t def intSqgrt(x:Pos) : Pos ={...}
o var p : Pos
Nx: T e T ssianment var g : Neg
" Xx=e): void 3 varr : Pos
q-= 'Se_r‘:{(?,?OS), (q,N633,(\‘,?o.<\'
— (tsqrt, fos -2 Pos)
e T T <T! . p—.q
- subtyping r =intSqrt(p)
re:T Runtime error: intSgrt invoked

with a negative argument!
q:Neg Neg<ilnt

: Pos _Pos <tlut
Values from P (P““t ) q: nt

are («teqers. N~ - ' _
8 ut P &?& wol P*Dw'tsQ: (?-q\ - vold
to store all kinds ek m‘cegevs.

© wly positive owes !




Corrected Type Rule for Assighment
does it type check? -yes

EC;S <<:.I|r;]tt def intSqgrt(x:Pos) : Pos ={...}
V‘fg ' var p : Pos
e T Terd ossi ghment varq : Neg
%e )" v$ QU\?,T\’ ‘. var r : Pos
q=- er‘:{(?,?os), (q,N633,(r,?o.<\'
T nT<T! (P = (iatsqrt, fos=Pos)
rrer T DT < ,
- T subtyping r = intSqrt(p)
does uct tpe check
store
ot 25 o T ¢ can bve. auy value Srom T
(x,TYel P-e.T
— F' stores declarations (promises)

Mt (x=e)  vold




How could we ensure that some
other programs will not break?

Type System Soundness



Today

e More Subtyping Rules v
— product types (pairs)
— function types
— classes
e Soundness
— motivating example v
— idea of proving soundness <——
— operational semantics

— a soundness proof

e Subtyping and generics



Proving Soundness of Type Systems

e Goal of a sound type system:
— if the program type checks, then it never “crashes”
— crash = some precisely specified bad behavior
e.g. invoking an operation with a wrong type

e dividing one string by another string “cat” / “frog
e trying to multiply a Window object by a File object

e.g. not dividing an integer by zero

e Never crashes: no matter how long it executes

— proof is done by induction on program execution



Proving Soundness by Induction

Step

o PO o070
whel vellve |[ve |ve  ||ve ||ve

Good

Program moves from state to state

Bad state = state where program is about to exhibit a bad

operation ( “cat” / “frog” )
Good state = state that is not bad

To prove:

program type checks = states in all executions are good

Usually need a stronger inductive hypothesis;
some notion of very good (VG) state such that:
program type checks = program’s initial state is very good

state is very good = next state is also very good
state is very good - state is good (not about to crash)




A Simple Programming Language



Program State

var x : Pos /m'tially, all variables
vary : Int have value 1
P ]

varz:vos values of variables:
X=3
y = _5 X = 1

_ y=1
z=4 -
X=X+2
y=X/z

Z=7Z+X



Program State

var X : Pos

vary :Int

var z : Pos values of variables:
X=3

y=-5 X=3

_ y=1

z=4 -

X=X+2

y=X/z

Z=7Z+X



var X : Pos
vary :Int
var z : Pos
X=3
y=-5
z=4
X=X+2
y=X/z

Z=7Z+X

Program State

values of variables:
X=3

y=-5

z=1



var X : Pos
vary :Int
var z : Pos
X=3
y=-5
z=4
X=X+2
y=X/z

Z=7Z+X

Program State

values of variables:
X=3

y=-5

z=4



var X : Pos
vary :Int
var z : Pos
X=3
y=-5
z=4
X=X+2
y=X/z

Z=7Z+X

Program State

values of variables:
X=17

y=-5

z=4



var x : Pos
vary :Int
var z : Pos
X=3
y=-5
z=4
X=X+2
y=x/z
Z=7+X

Program State

values of variables:

X=17
y=1
z=4

formal description of such program execution
is called operational semantics



Definition of Simple Language

Programs: Type rules:
var Xl POS Varia\o\C Aec(mra\';ouj P = {(X i »P‘:‘;\)
var X, : Int < Pas (22, (k)
vaY¥y :
y W var x:\nt (\‘“"P"S\}
var X, : Pos
Pos <ilut
X = X '(:OHUWCA \N’ (x;r\e r‘ r\’ e '.T
i~ A .
Xo = Xg + X% siateweuls of on< of 3 forms; Me (x=e)vol
Xa=Xp /X 4 s % Mow:T T T
FeEx.T'
Xi= X /X
X, =X, + X N ’ - (X, TeT e lut <yilut
P " 33 K= XS 4k MeEx.T e+, \ut
(No complex exeresSions.) | otk ey o e Pos e, ?os




Bad State: About to Divide by Zero
(Crash)

var X : Pos
vary :Int
var z : Pos ]
values of variables:
x=1
Xx=1
=-1
2= x4y y=-1
z=0
X=X+12
y=X/z
Z2=72+X

Definition: state is bad if the next instruction is of the form
x; =X/ X, and x,_has value 0 in the current state.



Good State: Not (Yet) About to Divide by Zero

var X : Pos
vary :Int
P
varz:ros values of variables:
x=1
-1 x=1
Z—x+ y=-1
Y z=1
X=X+2
y=x/z Good
Z=27+X

Definition: state is good if it is not bad.

Definition: state is bad if the next instruction is of the form
x; =X/ X, and x,_has value 0 in the current state.



Good State: Not (Yet) About to Divide by Zero

var X : Pos
vary :Int
P
varz:ros values of variables:
x=1
-1 x=1
Z—x+ y=-1
Y z=0
X=X+2
y=x/z Good
Z=27+X

Definition: state is good if it is not bad.

Definition: state is bad if the next instruction is of the form
x; =X/ X, and x,_has value 0 in the current state.



Moved from Good to Bad in One Step!

Being good is not preserved by one step, not inductive!

It is very local property, does not take future into account.
var x : Pos

vary : Int
: P
var z : Fos values of variables:
x=1
x=1
=-1
. y=-1
z=0
X=X+7Z
y:X/Z Bad
Z=2+1+X

Definition: state is good if it is not bad.

Definition: state is bad if the next instruction is of the form
x; =X/ X, and x,_has value 0 in the current state.



Being Very Good: A Stronger Inductive Property
Pos={1, 2,3, ...}

var x : Pos
vary : Int
var z : Pos |
values of variables:

x=1 _ .

-1 This state is already not very good. x=1
Z_ « We took future into account. y=-1

z=0 ¢ Pos

X=X+1z z=0
y=x/z
Z=7+X

Definition: state is good if it is not about to divide by zero.

Definition: state is very good if each variable belongs to the
domain determined by its type (if z:Pos, then z is strictly positive).



If you are a little typed program,
what will your parents teach you?

e If you type check and succeed:
— you will be very good from the start.

— if you are very good, then you will remain
very good in the next step

— If you are very good, you will not crash.

Hence, type check and you will never crash!

Soundnes proof = defining “very good” and
checking the properties above.



Definition of Simple Language

Programs: Type rules:
var Xl POS Varia\o\C Aec(mra\';ouj P = {(X i »P‘:‘;\)
var X, : Int < Pas (22, (k)
vaY¥y :
y W var x:\nt (\‘“"P"S\}
var X, : Pos
Pos <ilut
X = X '(:OHUWCA \N’ (x;r\e r‘ r\’ e '.T
i~ A .
Xo = Xg + X% siateweuls of on< of 3 forms; Me (x=e)vol
Xa=Xp /X 4 s % Mow:T T T
FeEx.T'
Xi= X /X
X, =X, + X N ’ - (X, TeT e lut <yilut
P " 33 K= XS 4k MeEx.T e+, \ut
(No complex exeresSions.) | otk ey o e Pos e, ?os




Checking Properties in Our Case

Holds: in initial state, variables are =1

e If you type check and succeed: 4;2&15 v4

v — you will be very good from the start.

— if you are very good, then you will remain
very good in the next step

V' — If you are very good, you will not crash.

If next state is x / z, type rule ensures z has type Pos
Because state is very good, it means z¢ Pos
so z is not 0, and there will be no crash.

Definition: state is very good if each variable belongs to the
domain determined by its type (if z:Pos, then z is strictly positive).



Example Case 1

Assume each variable belongs to its type.

var X : Pos
vary : Pos
var z : Pos .
values of variables:
y=3
x=1
zZ=2
Z=X+Yy y=3
z=72
X=X+2
y=x/z the next statement is: z=x+y
Z=Z+X where x,y,z are declared Pos.

Goal: prove that again each variable belongs to its type.

- variables other than z did not change, so belong to their type
- z is sum of two positive values, so it will have positive value



Example Case 2

Assume each variable belongs to its type.

var X : Pos
vary :Int
var z : Pos .
values of variables:

V=5 x=1
z=2 y: -
Z=X+ I

Y z=2
X=X+2
y=x/z the next statement is: z=x+y
Z=Z+X where x,z declared Pos, y declared Int

Goal: prove that again each variable belongs to its type.

- this case is impossible, because z=x+y would not type check
How do we know it could not type check?



Must Carefully Check Our Type Rules

Type rules:
var x : Pos M=1(xy,Pos),
vary : Int Conclude that the only (Xz,\ (wt),
varz - Pos typeswe can derive are: (;(;‘p,,\}
y=-5 X : Pos, x : Int
z7=2 y :Int Pos < lut
Z=x+y X+y:Int («xTVeM TreiT
X=X+ 7 P\—Q(ze\'.vo‘(é

Cannot type check

=x/z : : : e T T<T
y=x/ z =X +Yin this environment. —— 1.
Z=27+X ‘
(x ,T‘)é T e, lnt Q, it
mMeEx.T €.+Q2 '\\M‘k
e \ut ey Vos PoS < YOS
e /e, (ut Q iQ, " Yo
ki Pos kit L



We would need to check all cases
(there are many, but they are easy)



Remark

e We used in examples Pos <: Int

e Same examples work if we have

classInt{... }
class Pos extends Int { ... }

and is therefore relevant for OO languages



Today

e More Subtyping Rules ~
— product types (pairs)
— function types
— classes

e Soundness \/

— motivating example
— idea of proving soundness
— operational semantics

— a soundness proof

e Subtyping and generics <—



Simple Parametric Class

class Ref[T](var content : T)

Can we use the subtyping rule
T < T Pos <ilut
Re#[T]C Ref tT'] Ref [Pos] <:Ref [lut]

var x : Ref[Pos]

var y : Ref[Int]

var z : Int

x.content=1

y.content =-1

V=X X ;Re [P“)i]
y.content = 0 i Red Lt ]
z =z [/ x.content {'V?z checks, (Y =x)" void

yRef [‘V‘{J




Simple Parametric Class

class Ref[T](var content : T)
Can we use the subtyping rule
T < T
Ref[T]<: Ref [T']

var x : Ref[Pos] | Ref [Pos |
var y : Ref[Int] / )_ - ,}
X

var z : Int
x.content = 1 J A>\ —1 J Ref Llut]
y.content =-1
<
y=X

y.content =0
z =z / x.content



Simple Parametric Class

class Ref[T](var content : T)

Can we use the subtyping rule
T < T
Ref[T]<: RefLT']
var x : Ref[Pos] ) J Ref [Pos |
1

var y : Ref[Int] % B

var z : Int X

x.content =1 \ -1 J Ref Tlut]
y.content =-1 \/l

y=X <

y.content =0
z =z / x.content



Simple Parametric Class

class Ref[T](var content : T)
Can we use the subtyping rule
T < T
Ref[T]<: Ref [T']

var X : Ref[Pos]

var y : Ref[Int] % )_

var z : Int X
\ -./LJ QQ‘Ci\V‘{]

x.content =1

y.content =-1 \/l

y=X

y.content =0 :

z =z / x.content CRASHES

OJ Ref [Pos |




Analogously

class Ref[T](var content : T)

Can we use the converse subtyping rule
T < T'
Re [T']<:Re [T]

var X : Ref[Pos]

vary : Ref[Int] D—_J Re £ [Pos]
var z : Int X
x.content =1 \

€Yt
y.content = -1 Y "%[ O] RefTlut]

X=Yy
y.content =0 :
z=z/x.content CRASHES




Mutable Classes do not
Preserve Subtyping

class Ref[T](var content : T)
Evenif T<: T,
Ref[T] and Ref[T’] are unrelated types

var X : Ref[T]
vary : Ref[T’]

x=y <— TypechecksonlyifT=T



Same Holds for Arrays, Vectors,
all mutable containers

Evenif T<: T,
Array[T] and Array[T’] are unrelated types

var x : Array[Pos](1)
var y : Array[Int](1)
var z : Int

x[0] =1

y[0] =-1

Yy =X

y[0] =0

z =z / x[0]



Case in Soundness Proof Attempt

class Ref[T](var content : T)

Can we use the subtyping rule
T < T
Ref[T]<: RefLT']
var x : Ref[Pos] ) ‘) Ref [Pos |
1

var y : Ref[Int] % B

var z: Int X

x.content = 1 \ —1 J Ref Llut]
y.content =-1 / _ _

V=X prove each variable belongs to its type:
y.content = 0 variables other than y did not change... (?!)

z =z / x.content



Mutable vs Immutable Containers

e Immutable container, Coll[T]

— has methods of form e.g.  get(x:A) : T

— if T<: T, then Coll[T’] has get(x:A): T

—wehave (A2T)<:(A2>T)

covariant rule for functions, so Coll[T] <: Coll[T’]

e \Write-only data structure have

— setter-like methods, set(v:T) : B

— if T<: T, then Container[T’] has  set(v:T): B

— would need (T =2 B) <: (T’ = B)
contravariance for arguments, so Coll[T’] <: Coll[T]

e Read-Write data structure need both,
so they are invariant, no subtype on Coll if T<: T’



