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Exercise

We call a relation r C S x S functional if Vx,y,z € S.(x,y) € rA(x,2) Er = y = z.
For each of the following statements either give a counterexample or prove it.
In the following, assume Q C S.

(i) for any r, wp(r,S\ Q) =S\ wp(r, Q)
) if ris functional, wp(r,S\ Q) = S \ wp(r, Q)
) for any r, wp(r, Q) = sp(Q, r1)
) if r is functional, wp(r, Q) = sp(Q, r1)
(v) forany r, wp(r, QU Q) = wp(r, Q1) U wp(r, Q)
) if ris functional, wp(r, Q. U Q) = wp(r, Q1) U wp(r, Q)
) forany r, wp(ri U r, Q) = wp(r, Q) Uwp(r, Q)
) Alice has the following conjecture: For all sets S and relations r C S x S it holds:

(S;ﬁ@/\dom(r):S/\Asﬁr:@)—>(rorﬂ((5><5)\r)7$®)

She tried many sets and relations and did not find any counterexample. Is her

conjecture true?
If so, prove it, otherwise provide a counterexample for which S is smallest.



Exercise Solution

) counterexample: S = {a, b, ¢, d} and r = {(a, b), (b, ¢), (¢, a)}

) as above, r is functional

(iif) counterexample: S = { a, b} and r ={(a, b)} r-1 = {(b, a)} Q={b}

) counterexample as in (iii)
) counterexample: S = { a, b} and r = {(a, b), (a, a)} and Q1 = {a} and Q2 = {b}
)

wp(r, QU Q) < {s|Vs'.(s,s)er—= (s € Qi Vs € @)}
& {s|Vs'.(s,s') ¢ rvs e quvs € @}
& {s|35'.(s,s') ¢ rvs € @ Vs € @]} (since r functional)
& {s|(3s'.(s,s") ¢ rvs € )V (Is'.(s,5) ¢ rvs € @)}
< wp(r, Qi) U wp(r, Q)

(vii) counterexample: S= {a, b} and r1 = {(a, b)} and r2 = {(b, a)} and Q = {b}



Exercise Solution

(viii) S = N{0}
r={(s,s")|Fc.s+c =5} ie (1,2), (L, 3), (1, 4), .. (23), (2 4), ..
S# @ Adom(r)=SAAsNr=10is satisfied

rorn((SxS)\r)#0isequivalent to ror C r, i.e. the relation is transitive, which
is the case for our r.

S cannot be finite, since r is closed under composition, i.e. it is a transitive closure.
If S was finite, we'd necessarily have a loop somewhere violating the AsNr =0
requirement.



