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Abstract. This paper presents a framework to derive instantiation-based deci-
sion procedures for satisfiability of quantified formulas infirst-order theories,
including its correctness, implementation, and evaluation. Using this framework
we derive decision procedures for linear real arithmetic (LRA) and linear integer
arithmetic (LIA) formulas with one quantifier alternation. Our procedure can be
integrated into the solving architecture used by typical SMT solvers. Experimen-
tal results on standardized benchmarks from model checking, static analysis, and
synthesis show that our implementation of the procedure in the SMT solverCVC4
outperforms existing approaches for quantified linear arithmetic.

1 Introduction

Among the biggest challenges in automated reasoning is efficient support for quantifiers
in the presence of background theories. Quantifiers enable direct encoding of a num-
ber of problems of interest, including synthesis of software fragments from specifica-
tions [26,40,45], construction of transfer functions for program analysis [32], invariant
inference [11,20], as well as analysis of properties that gobeyond safety [8,9].

The most commonly used complete method for deciding constraints over quantified
theories isquantifier elimination[22, Section 2.7]. Quantifier elimination algorithms
typically solve a more general problem, of transforming arbitrary quantified formula
with free variables into a theory-equivalent formula with no quantifiers. However, de-
pending on the particular variant of the language of constraints, performing actual quan-
tifier elimination can have worse complexity than the decision problem [7], in part be-
cause it is required to give an answer on any formula, and the smallest formula resulting
from quantifier elimination can be very large [53]. When the goal is to decide the satisfi-
ability of quantified constraints, quantifier elimination may be doing unnecessary work.
More importantly, procedures based on quantifier elimination often do not handle the
underlying ground constraints in the most efficient way. Thus, quantifier elimination
tends to be prohibitively expensive in practice.

It is often important to reason about formulas involving multiple theories, each of
which may or may not support quantifier elimination. The goalis to obtain a framework
for handling quantified formulas that is both complete for formulas belonging to decid-
able logics, and empirically effective when completeness guarantees are not known.

Recent work involving quantifier elimination [10, 24, 33, 36] has been motivated
by avoiding worst-case performance by effectively computing an equisatisfiable set of
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ground formulas in a lazy fashion. In the spirit of these approaches, we introduce an
approach for establishing the satisfiability of formulas inquantified linear arithmetic
based on a newquantifier instantiationframework. The use of quantifier instantiation
for this task is motivated by the following.

– Procedures based on lazy quantifier instantiation typically establish satisfiability
much faster than their theoretical complexity.

– Using quantifier instantiation for decidable fragments enables a uniform integration
and composition with existing instantiation-based techniques [13,14,41], which are
incomplete but work well in practice for undecidable fragments of first-order logic,
and are widely used by modern SMT solvers.

– An important class of synthesis problems can be expressed asquantified formulas
with one quantifier alternation. As shown in [40], solutionsfor these problems can
be extracted from an unsatisfiable core of quantifier instantiations.

Contributions This paper makes the following contributions. First, we define a gen-
eral class of instantiation-based procedures for establishing the satisfiability of quan-
tified formulas in Section 2, and show that these procedures can be used in part as an
approach for solving synthesis problems in Section 2.3. We demonstrate instances of
the procedure are sound and complete for formulas over linear real arithmetic (LRA)
and linear integer arithmetic (LIA) with one quantifier alternation in Sections 3 and 4,
two quantified fragments for which many current SMT solvers do not have efficient
support for. We show how our procedure can be integrated intothe solving architecture
used by SMT solvers in Section 5. We present an evaluation of an implementation of
the procedures forLIA andLRA in the SMT solverCVC4, showing that it outperforms
state-of-the-art approaches for quantified linear arithmetic used by other SMT solvers
and automated theorem provers in Section 6.

Related Work Quantifier elimination has been used to, e.g., show decidability and
classification of boolean algebras [44, 50], Presburger arithmetic [38], decidability of
products [16, 34], [31, Chapter 12], and algebraically closed fields [49]. The original
result on decidability of Presburger arithmetic is by Presburger [38]. The space bound
for Presburger arithmetic was shown in [17]. The matching lower and upper bounds for
Presburger arithmetic were shown in [7], see also [25, Lecture 24]. An analysis param-
eterized by the number of quantifier alternations is presented in [39]. A mechanically
verified quantifier elimination algorithm was developed by Nipkow [35].

An approach for lazy quantifier elimination for linear real arithmetic was developed
by Monniaux [33]. Integration of linear quantifier elimination into the solving algo-
rithm used by SMT solvers was developed in [10], though the presented integration
is not model driven. Other recent work on lazy quantifier elimination has been devel-
oped in the context of SMT-based model checking [24]. The most widely used tech-
niques for quantifier instantiation in SMT were developed in[14], and later in [13,18],
which primarily focused on uninterpreted functions. Our approach for quantified linear
arithmetic instantiates quantified formulas based on a lazystream of candidate models,
terminating when either it finds a finite set of instances are unsatisfiable, or discovers
that the original formula is satisfiable. Other approaches in this spirit have been used
to decide essentially uninterpreted fragment [19], and, more generally, theories hav-
ing a locality property [3, 23]; these works do not directly apply to quantified linear
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arithmetic. A recent approach for quantified formulas with one quantifier alternation
has been developed in the SMT solver Yices [15], which does not treat linear integer
arithmetic. The present paper builds upon our previous workfor solving synthesis con-
jectures using quantifier instantiation in SMT [40], where an approach for quantified
linear arithmetic was described without a specific method for selecting instances and
without completeness guarantees. While the present paper focuses on linear arithmetic,
where it outperforms existing approaches, we expect the presented framework to be rel-
evant for other quantified theories. Among the examples of further decidable quantified
constraints are quantified theories of term algebras [31, Chapter 23], [30, 46] and their
extensions [12,27,42], feature trees [2,51], and monadic second-order theories [52].

1.1 Preliminaries

We consider formulas in multi-sorted first-order logic. AsignatureΣ consists of a
countable set of sort symbols and a set of function symbols. Given a signatureΣ,
well-sorted terms, atoms, literals, and formulas are defined as usual, and referred to
respectively asΣ-terms. We denote byFV (t) the set of free variables occurring in the
term t, and extend this notion to formulas. AΣ-term or formula isground if it has no
free variables. A term writtent[k] denotes a term whose free variables are ink.

A Σ-interpretationI maps

– each set sort symbolσ ∈ Σ to a non-empty setσI , thedomainof σ in I, and
– each functionf ∈ Σ of sortσ1 × . . . × σn → σ to a total functionfI of sort
σI
1 × . . .× σI

n → σI wheren > 0, and to an element ofσI whenn = 0.

We write tI to denote the interpretation oft in I, defined inductively as usual. A sat-
isfiability relation betweenΣ-interpretations andΣ-formulas, writtenI |= ϕ, is also
defined inductively as usual. In particular, we assume thatI |= ¬ϕ if and only if it is
not the case thatI |= ϕ. We say thatI is a model ofϕ if I satisfiesϕ. Formulasϕ1

andϕ2 areequivalent (up tok) if they are satisfied by the same set of models (when
restricted to the interpretation of variablesk).

A theoryis a pairT = (Σ, I) whereΣ is a signature andI is a non-empty set of
Σ-interpretations, themodelsof T . Let JF KT denote the set ofT -models ofF . Observe
that J¬F KT = I \ JF KT . A Σ-formulaϕ[x] is T -satisfiableif it is satisfied by some
interpretation inI (i.e. JF KT 6= ∅). Dually, aΣ-formulaϕ[x] is T -unsatisfiableif it
is satisfied by no interpretation inI (i.e. JF KT = ∅). A formulaϕ is T -valid if every
model ofT is a model ofϕ (i.e., JF KT = I). Given a fragmentL of the language of
Σ-formulas, aΣ-theoryT is satisfaction complete with respect toL if every closedT -
satisfiable formula ofL is T -valid. In terms of set of models, satisfaction completeness
means thatJF KT 6= ∅ impliesJF KT = I, or, in other words, for everyF ∈ L exactly
one of the following two cases hold:JF KT = ∅, orJF KT = I. If additionallyL is closed
under negation, then, for everyF ∈ L, eitherF or¬F is unsatisfiable.

A setΓ of formulasT -entailsaΣ-formulaϕ, writtenΓ |=T ϕ, if every model of
T that satisfies all formulas inΓ satisfiesϕ as well. A set of literalsM propositionally
entailsa formulaϕ, writtenM |=p ϕ, if M entailsϕ when considering all atomic for-
mulas inM ∪ϕ as propositional variables; such entailment is one of from propositional
logic and is independent of the theory.
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PS(∃a∀xϕ[a,x]):

LetΓ := ∅ andk, e be tuples of fresh constants of the same type asa, x.
Repeat

If Γ is T -unsatisfiable, then return “unsat”.
If Γ ′ = Γ ∪ {¬ϕ[k, e]} is T -unsatisfiable, then return “sat”.
Otherwise,

Let I be a model ofT andΓ ′ and lett[k] = S(I, Γ,¬ϕ[k, e]).
Γ := Γ ∪ {ϕ[k, t[k]]↓}.

Fig. 1. An instantiation-based approachPS for determining theT -satisfiability of∃a ∀xϕ[a, x]
parameterized by selection functionS .

We writeRA (resp.IA) to denote the theory of real (resp. integer) arithmetic. Its
signature consists of the sortReal (resp.Int), the binary predicate symbols> and<,
functions+ and · denoting addition and multiplication, and the constants ofits sort
interpreted as usual. We writet ≤ s as shorthand for¬(t > s), andt ≥ s as shorthand
for ¬(t < s). We writeLRA (resp.LIA) to denote the language of linear real (resp.
integer) arithmetic formulas, that is, whose literals are of the form(¬)(c1 · x1 + . . .+
cn · xn ⊲⊳ c) wherec1, . . . , cn, c andx1, . . . , xn are non-zero constants and distinct
variables of sortReal (resp.Int) respectively, and⊲⊳ is one of>, <, or ≈. For each
literal of this form, there exists an equivalent literal that is in solved form with respect
to xi for eachi = 1, . . . , n. That is, anLRA-literal is in solved form with respect to
x if it is of the form (¬)(x ⊲⊳ t), wherex 6∈ FV (t). Similarly, anLIA-literal is in
solved form with respect tox if it is of the form (¬)(c · x ⊲⊳ t), wherex 6∈ FV (t) and
c is an integer constant greater than zero. For integer constantsc1 andc2 and non-zero
constantc, we writec1 ≡c c2 to denote thatc1 andc2 are congruent moduloc, that is
(c1 mod c) = (c2 mod c), and we writec | c1 if c dividesc1.

2 Quantifier Instantiation for Theories

In this section, we assume a fixed theoryT and a languageL that is closed under
negation and such that the satisfiability of finite sets ofL formulas moduloT is de-
cidable. We present a procedure for checking satisfiabilityof formulas in the language
Q(L) = {∀xϕ[a,x] | ϕ[a,x] ∈ L}.

2.1 An Instantiation Procedure and Its Soundness

Figure 1 presents an instantiation-based approach for determining the satisfiability of
a T -formulas∃a∀xϕ[a,x], whereϕ[a,x] belongs toL. The procedure introduces
a tuple of distinct fresh constantsk of the same sort asa, ande of the same sort as
x. It maintains a set of formulasΓ , initially empty, and terminates when eitherΓ or
Γ ∪ {¬ϕ[k, e]} is T -unsatisfiable. On each iteration, the procedure invokes the subpro-
cedureS (over which the procedure is parameterized), which returnsa tuple of terms
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t[k] whose free variables are a subset ofk. We then add toΓ the formulaϕ[k, t[k]]↓, a
formula equivalent toϕ[k, t[k]] up tok3. We callS theselection functionof PS .

Definition 1 A selection function (forL) takes as arguments an interpretationI, a set
of formulasΓ , and a formula¬ϕ[k, e] in L, whereI |= Γ ∪ ¬ϕ[k, e], and returns a
tuple of termst[k] such thatϕ[k, t[k]]↓ is also inL.

Note that a selection function is only defined ifI is a model forT , Γ and¬ϕ[k, e]. We
first show that the procedure always returns correct results, regardless of the behavior
of the selection function, leaving the termination question for the next subsection.

Lemma 1 If PS terminates with “unsat”, then∃a∀xϕ[a,x] is T -unsatisfiable.

Proof: In this case, there exists a setΓ that is equivalent to{ϕ[k, t1], . . . , ϕ[k, tp]}
and isT -unsatisfiable wherek are distinct fresh constants. Thus,∀xϕ[k,x] is T -
unsatisfiable. Sincek are distinct and fresh, we conclude that∃a∀xϕ[a,x] is T -
unsatisfiable. �

Lemma 2 If PS terminates with “sat”, then∃a∀xϕ[a,x] is T -satisfiable.

Proof: In this case, there exists a setΓ equivalent to{ϕ[k, t1], . . . , ϕ[k, tp]} that isT -
satisfiable, wherek are distinct fresh constants, andΓ ′ equivalent toΓ ∪ {¬ϕ[k, e]}
that isT -unsatisfiable. Sincee do not occur inΓ , we have thatΓ ∪ {∃x¬ϕ[k,x]} is
T -unsatisfiable. LetI be a model ofΓ . SinceI is not a model ofΓ ′, it must be the case
thatI 6|= ∃x¬ϕ[k,x], and henceI is a model for∃a∀xϕ[a,x]. �

2.2 Termination of the Instantiation Procedure

The following properties of selection functions will be of interest.

Definition 2 (Finite) A selection functionS is finite for ϕ[k, e] if there exists a finite
setS∗(ϕ[k, e]) such thatS(I, Γ,¬ϕ[k, e]) ∈ S∗(ϕ[k, e]) for all I, Γ .

Definition 3 (Monotonic) A selection functionS is monotonicfor ϕ[k, e] if whenever
Γ |= ϕ[k, t], we have thatS(I, Γ,¬ϕ[k, e]) 6= t.

Observe that, ifS is a monotonic selection function, then for any finite list ofterms
t1, . . . tn we haveS(I, {ϕ[k, t1]↓, . . . , ϕ[k, tn]↓},¬ϕ[k, e]) /∈ {t1, . . . , tn}.

Definition 4 (Model-Preserving) A selection functionS is model-preservingfor
ϕ[k, e] if wheneverS(I, Γ,¬ϕ[k, e]) = t, we have thatI |= ¬ϕ[k, t].

Lemma 3 A selection function that is model-preserving forϕ[k, e] is also monotonic
for ϕ[k, e].

Proof: Assume that S is model-preserving forϕ[k, e] and that S(I, Γ ∪
{ϕ[k, t]},¬ϕ[k, e]) = s. By definition of selection function, we have thatI |= ϕ[k, t].
By definition of model-preserving, we have thatI |= ¬ϕ[k, s]. Thus,s 6= t andS is
monotonic forϕ[k, e]. �

3 We further comment on the details of operators↓ in Sections 3 and 4.
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Theorem 1 If S is finite and monotonic forϕ[k, e] in L, thenPS is a (terminating)
decision procedure for theT -satisfiability of∃a ∀xϕ[a,x].

Proof: Given a monotonic and finiteS, the procedurePS can only execute a finite num-
ber of iterations. Assuming a decision procedure for determining theT -satisfiability of
T -formulas inL, PS(∃a ∀xϕ[a,x]) must terminate. By Lemmas 1 and 2,PS is a de-
cision procedure for theT -satisfiability of∃a∀xϕ[a,x]. �

In this paper we will identify selection functionsS that are finite and monotonic for
all ∃a ∀xϕ[a,x] residing in fragmentsL. The fragments we consider are satisfaction
complete. We consider satisfaction completeness to be a good guiding principle when
choosing candidate logical fragments to which our method can be applied successfully.

2.3 Connection to Synthesis

The connection between quantifier elimination and synthesis has been shown fruitful
in previous work [26]; it is one of our motivations for further improving quantified
reasoning modulo theories. The procedure mentioned in thissection can be used to
synthesize functions from certain classes of specifications. Consider (second-order)T -
formulas of the form:

∃f ∀x ϕ[f ,x] (1)

whereϕ is a quantifier-free formula,x = (x1, . . . , xn) is a tuple of variables of sortσi
for i = 1, . . . , n, andf = (f1, . . . , fm) is a tuple of functions of sortσ1×. . .×σn → τj
for j = 1, . . . ,m. We call such formulassynthesis conjectures. A synthesis conjecture
is single invocation(overL) if it is equivalent to:

∃f ∀x ψ[x,f (x)] (2)

whereψ[x,y] ∈ L. That is, functions fromf are applied to the tuplex only. The
formula (2) is equivalent to the (first-order) formula∀x ∃y ψ[x,y], whose negation

∃x ∀y ¬ψ[x,y] (3)

is suitable as an input to Figure 1. As observed in [40], solutions for single invocation
synthesis conjectures can be extracted from an unsatisfiable core of instantiations when
proving the unsatisfiability of (3). In particular, letk be a set of distinct fresh variables of
the same sort asx, and say the set{¬ψ[k, t1[k]]↓, . . . ,¬ψ[k, tp[k]]↓} is T -unsatisfiable
whereti = (t1i [k], . . . , t

m
i [k]) for i = 1, . . . , p. Then:

1 ≤ j ≤ m : fj = λx. ite(ψ[x, tjp[x]], t
j
p[x], ( · · · ite(ψ[x, t

j
2[x]], t

j
2[x], t

j
1[x]))) (4)

is a solution forf in (2). We use the instantiation-based procedure in Figure 1for dis-
charging (3). In contrast to prior work [40], we here devise selection functionsS for
L that are finite and monotonic, obtaining a sound and completemethod for synthesiz-
ing tuples of functions whose specification is a single invocation synthesis conjecture
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SSLRA(I, Γ,¬ϕ[k, e]) whereϕ[k, e] is
n
∨

i=1

e < li ∨
m
∨

i=1

e > ui, for n > 0 orm > 0

Return

{

ℓj , if n > 0 and max{ℓI1 , . . . , ℓ
I
n} = ℓIj

ui, if n = 0 and min{uI
1 , . . . , u

I
m} = uI

i

Fig. 2. A selection functionSSLRA for a simple fragment ofLRA.

overL. In the following sections, we show such selection functions both for linear real
arithmetic (LRA) and linear real arithmetic (LIA).

It is important to note that the solution (4) does not necessarily belong to the lan-
guageL, since there is no restriction on the selection functions for L that restricts its
return valuet to terms inL. For example, in our approach for linear real arithmetic,t

may contain a free distinguished constantδ representing an infinitesimal positive value,
and in our approach for linear integer arithmetic,t may contain integer division. Addi-
tional steps may be necessary in practice for making (4) a computable function.

2.4 Illustration: Instantiation for a Simple Fragment of LRA

We first present a selection function for a restricted classL of LRA-formulas
∃a ∀x, ϕ[a, x], namely whose universal quantifier is over single variablex of sortReal,
a are variables of sortReal, and whose (skolemized) bodyϕ[k, e] is of the form:

(e < ℓ1 ∨ . . . ∨ e < ℓn ∨ e > u1 ∨ . . . ∨ e > um) (5)

where at least one of{n,m} is greater than zero, ande 6∈ FV (ℓ1, . . . , ℓn, u1, . . . , um).
Figure 2 gives a selection function forSSLRA. It considers the interpretation of terms
ℓ1, . . . , ℓn andu1, . . . , um in a modelI of Γ . If n > 0, thenSSLRA returns theℓj
whose value is maximal inI. If n = 0, thenm > 0 andSSLRA returns theui whose
value is minimal inI.

Lemma 4 SSLRA is finite forϕ[k, e].

Proof: The terms returned bySSLRA are in {ℓ1, . . . , ℓn} when n > 0, and in
{u1, . . . , um} whenn = 0. �

Lemma 5 SSLRA is monotonic forϕ[k, e].

Proof: Let I be a model ofLRA andΓ , whereΓ |= ϕ[k, t], and assume by con-
tradictionSSLRA returnst. Consider the case wheren > 0 and t = ℓi for some
i ∈ {1, . . . , n}. SinceI |= Γ ∪ ¬ϕ[k, e], it satisfies:

(ℓi < ℓ1 ∨ . . . ∨ ℓi < ℓn ∨ ℓi > u1 ∨ . . . ∨ ℓi > um)∧

e ≥ ℓ1 ∧ . . . ∧ e ≥ ℓn ∧ e ≤ u1 ∧ . . . ∧ e ≤ um
(6)

AssumeI satisfiesℓi > uk for somek ∈ {1, . . . ,m}. We haveI also satisfiese ≥ ℓi
ande ≤ uk, and thuseI ≥ ℓIi > uIk ≥ eI . Thus,I must satisfyℓi < ℓk′ for somek′ ∈
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{1, . . . , n}, and thusmax{ℓI1 , . . . , ℓ
I
n} 6= ℓIi . Thus,SSLRA(Γ ) 6= ℓi. By symmetrical

reasoning whenn = 0,m > 0 andt = uj for somej ∈ {1, . . . ,m}, we have that
SSLRA(Γ ) 6= uj. Thus,SSLRA does not returnt, and thus is monotonic forϕ[k, e].

�

Example 1.Consider the formula∀x (x < b ∨ x > a). The negated skolemized form
(¬ϕ[k, e] in Figure 1) of this formula is equivalent to the formulab ≤ e ∧ e ≤ a where
e is a fresh constant. A possible run ofPSSLRA

on this input is as follows, whereΓ is
initially ∅ and on each iterationΓ ′ = Γ ∪ {b ≤ e ∧ e ≤ a}.

# Γ Γ ′ t[k] Add toΓ
1 sat sat max{bI} = bI b b < b ∨ b > a
2 sat unsat

In step 2, note thatΓ ′ = {b < b ∨ b > a, b ≤ e ∧ e ≤ a}, which is unsat. The run
establishes that∃ab ∀x (x > a ∨ x < b) is LRA-satisfiable. �

Example 2.Consider the formula∀x (x < a ∨ x < b), whose skolemized negation is
equivalent toe ≥ a ∧ e ≥ b. A possible run ofPSSLRA

on this input is as follows.

# Γ Γ ′ t[k] Add toΓ
1 sat sat max{aI , bI} = aI a a < a ∨ a < b
2 sat sat max{aI , bI} = bI b b < a ∨ b < b
3 unsat

Note that the formula added in step 1, equivalent toa < b, ensures that, in the second
iteration,max{aI , bI} 6= aI . The run establishes that∃ab ∀x (x > a∨ x > b) isLRA-
unsatisfiable, as expected in a linear order without endpoints. �

3 Instantiation for Quantifier-Free LRA-Formulas

Consider the case wherea andx are vectors ofReal variables andL is the class of
formulas∃a ∀xϕ[a,x] whereϕ[a,x] is an arbitrary quantifier-freeLRA-formula. We
assume that equalities are eliminated fromϕ by the transformation:

t ≈ 0  0 ≤ t ∧ 0 ≥ t

Figure 3 gives a selection functionSLRA for LRA, which takes an interpretationI,
a set of formulasΓ , and the formula¬ϕ[k, e]. It invokes the recursive procedureSR

which constructs a term corresponding to each variable ine. Analogous to existing
approaches for linear quantifier elimination [28, 35], our approach makes use of non-
standard terms for symbolically representing substitutions. In particular, the terms we
consider may involve a free distinguished constantδ, representing an infinitesimal posi-
tive value. For each variableei frome, the procedureSR invokes the (non-deterministic)
subprocedureSR0, which chooses a term corresponding toei based on a set of literals
M over the atoms ofψ which propositionally entailψ and are satisfied byI, which
we call apropositionally satisfying assignmentfor ψ. We partitionM into three sets
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SLRA(I, Γ,¬ϕ[k, e]):

ReturnSR(I,¬ϕ[k, e], e, ())

SR(I, ψ, (ei, . . . , en), t):

If i > n, returnt
Otherwise, letti = SR0(I, ψ, ei), σ = {ei 7→ ti}
ReturnSR(I, ψσ, (ei+1, . . . , en), (tσ, ti))

SR0(I, ψ, e):

LetM =Mℓ ∪Mu ∪Mc be such that:
• I |= M andM |=p ψ,
• Mℓ ⇔ {e ≻ ℓ1, . . . , e ≻ ℓn},
• Mu ⇔ {e ≺ u1, . . . , e ≺ um}, and
• e 6∈ FV (ℓ1, . . . , ℓn) ∪ FV (u1, . . . , um) ∪ FV (Mc).

Return one of











ℓi + δℓi n > 0,max{(ℓ1 + δℓ1)
I , . . . , (ℓn + δℓn)

I} = (ℓi + δℓi )
I

uj − δuj m > 0,min{(u1 − δu1 )
I , . . . , (um − δum)I} = (uj − δuj )

I

0 n = 0 andm = 0

Fig. 3. A selection functionSLRA for arbitrary quantifier-freeLRA-formulaϕ[a, x]. Each≺ is
either< or ≤; δℓi is δ if the ith lower bound fore is strict, and0 otherwise. Similarly, each≻ is
either> or ≥; δuj is δ if the jth upper bound fore is strict, and0 otherwise.

Mℓ,Mu andMc, whereMℓ contains literals that correspond to lower bounds fore,Mu

contains literals that correspond to upper bounds fore, andMc contains the remaining
literals. The setsMℓ andMu are equivalent to sets of literals that are in solved form
with respect toe. WhenMℓ contains at least one literal, we may return the lower bound
whose value is maximal according toI, and similarly forMu. If bothMℓ andMu are
empty, we return the term0. WhenSR0 returns the termti, we apply the substitution
{ei 7→ ti} to ψ andt, and appendti to t. Terms returned bySR0 may involve the con-
stantδ. We define a satisfiability relation between models and formulas involvingδ, as
well as themax andmin function for terms involvingδ in the obvious way, such that
(t1 + c1 · δ)I > (t2 + c2 · δ)I if either tI1 > tI2 or bothtI1 = tI2 andc1 > c2.

Overall,SLRA returns a tuple of termst, after which we add the instanceϕ[k, t]↓ to
Γ in Figure 1. We assume↓ eliminates occurrences ofδ by the following transforma-
tions, which is inspired by virtual term substitution [28]:

δ < t 0 < t andδ > t 0 ≥ t whereδ 6∈ FV (t).

Lemma 6 SLRA is finite forϕ[k, e].

Proof: We first show that only a finite number of terms can be returned by
SR0(I, (¬ϕ[k, e])σ, ei) for anyI, σ. LetA be the set of atoms occurring inϕ[k, ei]σ.
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The literals in satisfying assignments of(¬ϕ[k, e])σ are over these atoms. Let{ei <
ℓ1, . . . , ei < ℓn, ei > u1, . . . , ei > um} be the set of atoms that are in solved
form with respect toei that are equivalent to the atoms ofA containingei, where
ei 6∈ FV (ℓ1, . . . , ℓn, u1, . . . , um). The terms returned bySR0(I, (¬ϕ[k, e])σ, ei) are
in {0, ℓ1(+δ), . . . , ℓn(+δ), u1(−δ), . . . , um(−δ)}. Since there are only a finite num-
ber of recursive calls toSR within SLRA, and each call appends only a finite number
of possible terms tot, the set of possible return values ofSLRA is finite, and thus it is
finite forϕ[k, e]. �

Lemma 7 If I is a model forLRA and quantifier-free formulaψ, thenI is also a
model forψ{e 7→ SR0(I, ψ, e)}.

Proof: LetM be a set of literals of the form described in the definition ofSR0 for I, ψ
ande. Consider the case whereSR0(I, ψ, e) = ℓi + δℓi for somei, wheren > 0. We
show thatI satisfiesM{e 7→ ℓi+ δℓi}. First, sincemax{(ℓ1+ δℓ1)

I , . . . , (ℓn+ δℓn)
I} =

(ℓi + δℓi )
I , we know thatI satisfiesMℓ{e 7→ ℓi + δℓi}. In the case that the bound

on e we consider is strict, that is,e > ℓi ∈ Mℓ, thenδℓi is δ, andℓIi < uIj for all
j ∈ {1, . . . ,m}. Thus,I satisfies(ℓi + δ ≺ uj) = (e ≺ uj){e 7→ ℓi + δ}. In the case
that the bound one we consider is non-strict, that is, ife ≥ ℓi ∈ Mℓ, thenδℓi is 0, and
ℓIi ≤ uIj for all j ∈ {1, . . . ,m}. Thus,I satisfies(ℓi ≺ uj) = (e ≺ uj){e 7→ ℓi}. In
either case, we have thatI satisfies each literal inMu{e 7→ ℓi + δℓi}. Finally,I clearly
satisfiesMc{e 7→ ℓi+ δℓi} =Mc. The case whenm > 0 is symmetric to the case when
n > 0. In the case wheren = 0 andm = 0, we have thatψ does not containe, and
I satisfiesM{e 7→ 0}. In each case,I satisfiesM{e 7→ SR0(I, ψ, e)}, which entails
ψ{e 7→ SR0(I, ψ, e)}, and thus the lemma holds. �

Lemma 8 SLRA is model-preserving forϕ[k, e].

Proof: By the definition ofSR and repeated applications of Lemma 7. �

Theorem 2 PSLRA
is a sound and complete procedure for determining theLRA-

satisfiability of∃a ∀xϕ[a,x].

Proof: By Theorem 1 and Lemma 3 of our framework as well asLRA-specific
Lemma 6 and Lemma 8. �

We illustrate the procedure through examples.SR0 is non-deterministic; we choose
instantiations only based on the lower boundsMℓ found in the procedureSR0, though
the procedure is free to base its instantiations on the upperboundsMu as well. We
underline the literal inMℓ corresponding to the bound whose value is maximal inI. Γ
is initially empty and on each iterationΓ ′ is the union ofΓ and the skolemized negation
of the input formula. Each round ofSLRA computes a tuplet[k], which is used to
instantiate our quantified formula in Figure 1. The last column shows the corresponding
instance of the quantified formula after simplification, including the elimination ofδ.

Example 3.To demonstrate how non-strict bounds are handled, considerthe formula
∀x (x ≤ a ∨ x ≤ b), whose skolemized negation ise > a ∧ e > b. A possible run of
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PSLRA
on this input is as follows.

SR0(I, Γ, e)
# Γ Γ ′ e Mℓ return t[k] Add toΓ
1 sat sat e {e > a, e > b} a+ δ (a+ δ) a < b
2 sat sat e {e > a, e > b} b+ δ (b + δ) b < a
3 unsat

This run shows∃ab ∀x (a ≥ x ∨ x ≥ b) is LRA-unsatisfiable. The disjuncts of the
instancea+ δ ≤ a∨a+ δ ≤ b added toΓ on the first iteration simplify to⊥ anda < b
respectively. We similarly obtainb < a on the second iteration. �

Example 4.To demonstrate how multiple universally quantified variables are handled,
consider the formula∀xy (x + y < a ∨ x − y < b) whose skolemized negation is
e1 + e2 ≥ a ∧ e1 − e2 ≥ b. A possible run ofPSLRA

is as follows.

SR0(I, Γ, e)
# Γ Γ ′ e Mℓ return t[k] Add toΓ
1 sat sat e1 {e1 ≥ a− e2, e1 ≥ b+ e2} b+ e2

e2 {e2 ≥
a−b
2

} a−b
2

(a+b
2
, a−b

2
) ⊥

2 unsat

This run shows∃ab ∀xy (x+y < a∨x−y < b) isLRA-unsatisfiable. The substitution
for e2 is chosen based onMℓ after applying the substitution{e1 7→ b+ e2}. �

Example 5.To demonstrate how quantified formulas with Boolean structure are han-
dled, consider the formula∀x ((a < x ∧ x < b) ∨ x < a + b) whose skolemized
negation is(a ≥ e ∨ e ≥ b) ∧ e ≥ a+ b. A possible run ofPSLRA

is as follows.

SR0(I, Γ, e)
# Γ Γ ′ e Mℓ return t[k] Add toΓ
1 sat sat e {e ≥ a+ b} a+ b (a+ b) 0 < b ∧ a < 0
2 sat sat e {e ≥ b, e ≥ a+ b} b (b) 0 < a
3 unsat

This run shows∃ab ∀x ((a < x ∧ x < b) ∨ x < a + b) is LRA-unsatisfiable. On the
first iteration, we assume that the propostionally satisfying assignment forΓ ′ included
a ≥ e, and hencee ≥ b is not included as a lower bound on that iteration. On the second
iteration, the solver must satisfy bothb > 0 anda < 0, which implies the modelI is
such that(a + b)I > aI hencee ≥ b must exist inMℓ, and moreoverbI > (a + b)I

henceb must be the maximal lower bound fore. �

Example 6.To demonstrate a case where a variable has no bounds, consider the formula
∀xy x ≤ y, whose skolemized negation ise1 > e2. A possible run ofPSLRA

on this
input is as follows.

SR0(I, Γ, e)
# Γ Γ ′ e Mℓ return t[k] Add toΓ
1 sat sat e1 {e1 > e2} e2 + δ

e2 ∅ 0 (δ, 0) ⊥
2 unsat
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This run shows∀xy x > y is LRA-unsatisfiable. Notice that after the substitution
{e1 7→ e2 + δ}, we have thatΓ ′ contains neither an upper nor a lower bound for
e2, and hence we choose to return the value0. �

Example 7.To demonstrate a non-trivial case using the infinitesimalδ, consider the
formula∀xy (x ≤ 0∨y−2·x ≤ 0)whose skolemized negation ise1 > 0∧e2−2·e1 > 0.
A possible run ofPSLRA

on this input is as follows.

SR0(I, Γ, e)
# Γ Γ ′ e Mℓ return t[k] Add toΓ
1 sat sat e1 {e1 > 0} δ

e2 {e2 > 2 · δ} 3 · δ (δ, 3 · δ) ⊥
2 unsat

This run shows∀xy x ≤ 0 ∨ y − 2 · x ≤ 0 is LRA-unsatisfiable. �

4 Instantiation for Quantifier-Free LIA-Formulas

We now turn our attention to the class of arbitraryLIA-formulas∃a ∀xϕ[a,x], x is
a vector ofInt variables, and whereϕ[a,x] is quantifier-free. We again assume all
equalities are eliminated fromϕ by replacing them with a conjunction of inequalities.

Figure 4 gives a selection functionSLIA for LIA. The procedure invokes the re-
cursive procedureSI , which takes as argumentsI, ¬ϕ[k, e], variablese that we have
yet to incorporate into the substitutions, an integerθ, termst found as substitutions for
variables frome so far, and a tuple of symbolsp from {+,−} which we refer to aspo-
larities. The role ofθ will be to capture divisibility relationships through the procedure,
whereθ is initially 1. The procedure invokes a call toSI0(I, ψ, ei) which based on the
propositionally satisfying assignment forψ returns a tuple of the form(c, ti, pi), where
c is a constant,ti is a term, andpi is a polarity. The procedure for constructing the term
ti in the procedureSI0 is similar to the procedureSR0 in the previous section, where
we find the lower bound of the formci · e ≥ ℓi such that the (rational) value( ℓi

ci
)I

is maximal, and similarly forMu. Additionally,SR0 adds a constantρ to the maximal
lower bound (resp. minimal lower bound). This constant ensures that the returned term
ti ande are congruent moduloθ · c in I, a fact which in part suffices to show the overall
function to be model-preserving. It then constructs asubstitution with coefficientsσ of
the form{c ·ei 7→ ti}. A substitution of this form may be applied to integer terms of the
form c · (d · ei+ s) whereei 6∈ FV (s), where(c · (d · ei+ s))σ is defined asd · ti+ c · s.
Additionally, we define(s1 ⊲⊳ s2)σ as(c ·s1)σ ⊲⊳ (c ·s2)σ for ⊲⊳∈ {<,>}, and thus we
can applyσ to arbitraryLIA-formulas. After constructingσ, the procedureSI invokes
a recursive call whereσ is applied toψ and(c · t), θ is multiplied byc, the termθ · ti is
appended tot, andpi is appended top.

Overall,SI returns a vector of terms(t div
p θ), that is, integer division applied

pairwise to the terms int and the constantθ, wherep determines whether this di-
vision rounds up or down. We add the instanceϕ[k, t divp θ] ↓ to Γ in Figure 1,
where occurrences of integer division are eliminated by defining ϕ[k, t divp θ] ↓ as
ϕ[k, d]∧ θ · d ≈ t±p

m∧ 0 ≤ m < θ, whered andm are distinct fresh constants, and
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SLIA(I, Γ,¬ϕ[k, e]):

ReturnSI(I,¬ϕ[k, e], e, 1, (), ())

SI(I, ψ, (ei, . . . , en), θ, t,p):

If i > n, returnt divp θ
Otherwise, let(c, ti, pi) = SI0(I, ψ, ei, θ), σ = {c · ei 7→ ti}
ReturnSI(I, ψσ, (ei+1, . . . , en), θ · c, ((c · t)σ, θ · ti), (p, pi))

SI0(I, ψ, e, θ):

LetM =Mℓ ∪Mu ∪Mc be such that:
• I |= M andM |=p ψ,
• Mℓ ⇔ {c1 · e ≥ ℓ1, . . . , cn · e ≥ ℓn}, c1 > 0, . . . , cn > 0,
• Mu ⇔ {d1 · e ≤ u1, . . . , dm · e ≤ um}, d1 > 0, . . . , dm > 0, and
• e 6∈ FV (ℓ1, . . . , ℓn) ∪ FV (u1, . . . , um) ∪ FV (Mc).

Return one of



































(ci, ℓi + ρ,+)
n > 0,max{( ℓ1

c1
)I , . . . , ( ℓn

cn
)I} = ( ℓi

ci
)I ,

ρ = (ci · e − ℓi)
I
mod (θ · ci)

(dj , uj − ρ,−)
m > 0,min{(u1

d1
)I , . . . , (um

dm
)I} = (

uj

dj
)I ,

ρ = (uj − dj · e)
I
mod (θ · dj)

(1, ρ,+) n = 0, m = 0, ρ = eI mod θ

Fig. 4. A selection functionSLIA for arbitrary quantifier-freeLIA-formulaϕ[a, x].

±p is+ if p is+ and analogously for−. Note that our selection function choosesp such
that integer division rounds up for terms coming from lower bounds, and rounds down
for terms combing from upper bounds. This choice is not required for correctness, but
can reduce the number of instances needed for showing unsatisfiability.

Lemma 9 SLIA is finite forϕ[k, e].

Proof: First, we show that only a finite number of tuples are returnedby
SI0(I, (¬ϕ[k, e])σ, ei, θ) for any I, σ, ei and finiteθ. Let A be the set of atoms oc-
curring inϕ[k, ei]σ. The literals in satisfying assignments of(¬ϕ[k, e])σ are over these
atoms. Let{c1 · ei < ℓ1, . . . , cn · ei < ℓn, d1 · ei > u1, . . . , dm · ei > um} be the set
of atoms that are in solved form with respect toei that are equivalent to the atoms ofA
containingei, whereei 6∈ FV (ℓ1, . . . , ℓn, u1, . . . , um) andc1 > 0, . . . , cn > 0, d1 >
0, . . . , dm > 0. The tuples returned bySI0(I, (¬ϕ[k, e])σ, ei) are in the finite set:

{(ci, ℓi + ρ,+) | 1 ≤ i ≤ n} ∪ {(dj , uj + 1 + ρ,−) | 1 ≤ j ≤ m} ∪

{(dj , uj − ρ,−) | 1 ≤ j ≤ m} ∪ {(ci, ℓi − 1− ρ,+) | 1 ≤ i ≤ n} ∪ {(1, ρ,+)}

and where0 ≤ ρ < (θ · c). Sincec andθ are finite, there are a finite number of tuples of
this form. Since there are only a finite number of recursive calls toSI within SLIA, and
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each call modifiest based a finite number of possible tuples coming from the set above,
the set of possible return values ofSLIA is finite, and thus it is finite forϕ[k, e]. �

Lemma 10 If I is a model forLIA and a quantifier-free formulaψ, θ ≥ 1, and
SI0(I, ψ, e, θ) = (c, t, p), then:

1. (c · e)I ≡θ·c t
I , and

2. I |= ψ{c · e 7→ t}.

Proof: We first show part 1. In the case thatn > 0 andSI0(I, ψ, e, θ) = (ci, ℓi+ρ,+),
and

(ℓi + ρ)I ≡θ·ci (ℓi + (ci · e− ℓi)
I
mod (θ · ci))

I ≡θ·ci (ci · e)
I .

In the case thatm > 0 andSI0(I, ψ, e, θ) = (dj , uj − ρ,−), we have

(uj − ρ)I ≡θ·dj
(uj − (uj − dj · e)

I mod (θ · dj))
I ≡θ·dj

(dj · e)
I .

In the case thatn = 0, m = 0, andSI0(I, ψ, e, θ) = (1, ρ,+), we have thatρI ≡θ·1

(eI mod θ)I ≡θ·1 (1 · e)I .
To show part 2, we first focus on the case wheren > 0 andSI0(I, ψ, e, θ) =

(ci, ℓi+ ρ,+). We have thatρ = (ci · e− ℓi)
I mod (θ · ci). LetM be a set of literals of

the form described in the body ofSI0(I, ψ, e). We show thatI satisfies each literal in
Mσ, whereσ = {ci · e 7→ ℓi + ρ}. First, consider an atom inMℓσ that is equivalent to
(cj ·e ≥ ℓj)σ for somej ∈ {1, . . . , n}. This is equivalent to(cj ·ci ·e ≥ ci ·ℓj)σ, which
is equivalent tocj·ci

ci
· (ℓi + ρ) ≥ cj ·ci

cj
· ℓj, which is satisfied byI since( ℓi

ci
)I ≥ (

ℓj
cj
)I

by our selection of(ci, ℓi + ρ) and sinceρ ≥ 0. Second, consider the atom inMuσ that
is equivalent to(dj · e ≤ uj)σ for somej ∈ {1, . . . ,m}. Letρ′ = (ci · e− ℓi)

I , which
is greater than0 sinceI satisfies(ci · e ≥ ℓi). Since(ci · e)I = (ℓi+ ρ′)I , we have that
I satisfies(dj ·e ≤ uj){ci ·e 7→ ℓi+ρ

′}, which is equivalent to(dj ·(ℓi+ρ′) ≤ ci ·uj).
Sinceρ = ρ′ mod (θ ·c) ≤ ρ′, we have thatI also satisfies(dj ·(ℓi+ρ) ≤ ci ·uj), which
is (dj ·e ≤ uj)σ. Finally,I satisfiesMcσ asMcσ =Mc andI |=Mc. Thus,I satisfies
Mσ, which entailsψσ. The case for whenm > 0 andSI0(I, ψ, e, θ) = (dj , uj −ρ,−)
is symmetric. Whenn = 0, m = 0, andSI0(I, ψ, e) = (1, ρ,+), the assignmentM
does not containe, and thusI satisfiesM{c · e 7→ ρ} =M andψ{c · e 7→ ρ}. �

Lemma 11 Each recursive call toSI(I, ψ, (ei, . . . , en), θ, (t1, . . . , ti−1),p) within
SLIA(I, Γ, (e1, . . . , en)) is such that:

1. θ | tIj for each1 ≤ j < i, and
2. I |= ψ andψ is equivalent to¬ϕ[k, e]{θ · e1 7→ t1} · . . . · {θ · ei−1 7→ ti−1}.

Proof: Both statements clearly hold for the initial call toSI in the body ofSLIA. Now,
assume both statements hold for some call toSI(I, ψ, (ei, e

′), θ, (t1, . . . , ti−1),p), and
assume(c, ti, pi) = SI0(I, ψ, ei, θ). We show that both statements hold for the call to
SI(I, ψσ, e′, θ · c, ((c · t1)σ, . . . , (c · ti−1)σ, θ · ti), (p, pi)), whereσ = {c · ei 7→ ti}.

To show part 1, we have from Lemma 10 part 1 that:

(c · ei)
I ≡θ·c (ti + ρ)I (7)
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Consider atj where1 ≤ j < i, where by our assumption is such thatθ | tIj , and thus
θ · c | (c · tj)I . By (7), we have thatθ · c | ((c · tj)σ)I . Also by (7), we have that
c | (ti + ρ)I , and thusθ · c | (θ · (ti + ρ))I .

To show part 2, by our assumption,I |= ψ and thus by Lemma 10 part 2 we have
thatI |= ψσ. By our assumption,ψ is equivalent to¬ϕ[k, e]{θ · e1 7→ t1} · . . . · {θ ·
ei−1 7→ ti−1}. Thus,ψσ is equivalent to¬ϕ[k, e]{(θ · c) · e1 7→ (c · t1)σ} · . . . · {(θ ·
c) · ei−1 7→ (c · ti−1)σ} · {(θ · c) · ei 7→ θ · (ti + ρ)}. Thus, the lemma holds. �

Lemma 12 SLIA is model-preserving forϕ[k, e].

Proof: Assume thatSLIA(I, Γ,¬ϕ[k, e]) = t, wheree = (e1, . . . , en), and t =
(t1, . . . , tn). By Lemma 11 and the definition ofSLIA, there is aθ such that for each
i = 1, . . . , n, termti is of the formsi div

p θ whereθ | sIi , andI |= (¬ϕ[k, e]){θ ·e1 7→
s1} · . . . · {θ ·en 7→ sn}. Thus,I satisfies(¬ϕ[k, e]){e 7→ t} = ¬ϕ[k, t], and thusSLIA

is model-preserving forϕ[k, e]. �

Theorem 3 PSLIA
is a sound and complete procedure for determining theLIA-

satisfiability of∃a ∀xϕ[a,x].

Proof: By Theorem 1, Lemma 3, Lemma 9 and Lemma 12. �

Example 8.To demonstrate a case involving a substitution with coefficients, consider
the formula∀xy (2 ·x < a∨x+3 ·y < b) whose negation is2 ·e1 ≥ a∧e1+3 ·e2 ≥ b.
A possible run ofPSLIA

on this input is as follows.
SI0(I, Γ, e, θ)

# Γ Γ ′ e θ Mℓ return t[k] Add toΓ
1 sat sat e1 1 {2 · e1 ≥ a, . . .} (2, a,+)

e2 2 {6 · e2 ≥ 2 · b− a} (6, 2 · b− a,+) (6 · a, 4 · b− 2 · a) div+ 12 ψ1

2 unsat

Thus,∃ab ∀xy (2 ·x < a∨x+3 · y < b) isLIA-unsatisfiable. We assumeρ = 0 for all
calls toSI0 in this run. Applying the substitution{2 · e1 7→ a} to e1 +3 · e2 ≥ b results
in the bound6 · e2 ≥ 2 · b− a for e2. We add toΓ the instanceψ1, which is equivalent
to 2 · ((6 · a) div+ 12) < a∨ (6 · a) div+ 12+ 3 · ((4 · b− 2 · a) div+ 12) < b. Applying
normalization↓ to this formula results in a one that isLIA-unsatisfiable. �

Example 9.To demonstrate a case necessarily involving a non-zero value ofρ, consider
the formula∀xy (3 ·x+y 6≈ a∨0 > y∨y > 2) whose negation is3 ·e1+e2 ≈ a∧0 ≤
e2 ∧ e2 ≤ 2, where≈ denotes the conjunction of non-strict upper and lower bounds. A
possible run ofPSLIA

on this input is as follows.
SI0(I, Γ, e, θ)

# Γ Γ ′ e θ Mℓ return t[k] Add toΓ
1 sat sat e1 1 {3 · e1 ≥ a− e2} (3, a− e2,+)

e2 3 {e2 ≥ 0} (1, 0,+) (a, 0) div+ 3 ψ1

2 sat sat e1 1 {3 · e1 ≥ a− e2} (3, a− e2,+)
e2 3 {e2 ≥ 0} (1, 1,+) (a− 1, 1) div+ 3 ψ2

3 sat sat e1 1 {3 · e1 ≥ a− e2} (3, a− e2,+)
e2 3 {e2 ≥ 0} (1, 2,+) (a− 2, 2) div+ 3 ψ3

4 unsat
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SMTQI(T, Γ ):

If Γ is T -unsatisfiable, then return “unsat”.
Otherwise,

LetM be such thatI |=M andM |=p Γ for some modelI of T andΓ .
Γ ′ := Γ .
For each(¬)Ai ∈M whereAi ⇔ ∀x.ϕi[x],

Γ ′ := Γ ′ ∪ (Ai ∨ Bi) ∪ (Bi ⇒ ¬ϕi[ei]).
If Ai ∈M andBi ∈M ,

Γ ′ := Γ ′ ∪ (Ai ⇒ ϕi[Si(I, Γ,¬ϕi[ei])])
If Γ ′ = Γ , then return “sat”. Otherwise, returnSMTQI(T, Γ ′).

Fig. 5.ProcedureSMTQI for SMT solving with quantifier instantiation, which determines theT -
satisfiability of a ground set ofT -formulasΓ in purified form with respect to quantified formulas.

This run shows∃a ∀xy (2 · x < a ∨ x + 3 · y < b) is LIA-unsatisfiable. On the first
iteration, we assume that the model, call itI1, interprets all variables as0, and hence
the values chosen fore1 ande2 correspond to their maximal lower bounds inI1, a− e2
and0 respectively, where in each call toSI0 we haveρ = 0. The instanceψ1 added
to Γ on this iteration is equivalent to3 · (a div

+ 3) 6≈ a and implies thataI 6≡3 0 in
all subsequent modelsI. Thus, all modelsI satisfying3 · e1 + e2 ≈ a must be such
that eI2 6≡3 0 as well. On the next iteration, we again find a model, call itI2, where
the maximal lower bound fore2 is 0. By the above reasoning and sinceI2 satisfies
3 · e1 + e2 ≈ a ∈ Γ ′, it must be thatρ = ((e2 − 0)I2 mod 3) 6= 0. Assuming
(e2 − 0)I2 ≡3 1, the instanceψ2 is equivalent to3 · ((a − 1) div+ 3) + 1 6≈ a, which
implies thataI 6≡3 1 in all subsequent modelsI, and henceeI2 6≡3 1. The instanceψ3

is equivalent to3 · ((a− 2) div+ 3) + 2 6≈ a and implies thataI 6≡3 2, which together
with the two previous instances areT -unsatisfiable. �

The number of possible return values ofSI0 is proportional to the size ofθ, which
means the worst-case performance of our overall decision procedure is proportional to
this size. While not shown here, our implementation takes steps to reduce the size ofθ
by factoring out common divisors inθ and the coefficients returned bySI0.

5 Integration in an SMT Solver

This section gives an overview of how an instantiation-based procedure for quantified
formulas as described in Section 2 can be used in part for determining the satisfiability
of inputsΓ having arbitrary Boolean structure that contain any numberof quantifiedT -
formulas and quantifier alternations. We describe the high-level details of the approach
only, and comment informally on its properties here.

Figure 5 defines a procedureSMTQI which takes as input a theoryT and a set of
groundT -formulasΓ in purified formwith respect to quantified formulas, that is, a
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formula where all quantified formulas∀x.ϕi[x] have been replaced by (uniquely asso-
ciated) boolean variablesAi. We call such a variableAi thepositive guardof ∀x.ϕi[x]
and writeAi ⇔ ∀x.ϕi[x] to denoteAi is the positive guard of∀x.ϕi[x]. In each call
to SMTQI, if Γ is T -unsatisfiable, then the procedure returns “unsat”. Otherwise, we
find a modelI of T andΓ and a corresponding propositionally satisfying assignment
M . We then build a new set of formulasΓ ′, initially containingΓ , as follows. For each
quantified formula∀x.ϕi[x] whose positive guardAi is in M , we add the formulas
(Ai ∨ Bi) and(Bi ⇒ ¬ϕi[ei]) to Γ ′ if we have not done so already, whereBi is a
fresh Boolean variable, which we call thenegative guardof ∀x.ϕi[x]. If both the pos-
itive and negative guards of∀x.ϕi[x] have positive polarity inM (we will say such a
quantified formula isactive inM ), we consider an instance of this quantified formula to
Γ ′ based on its associated selection functionSi, If ϕi has nested quantification, this in-
stance will contain quantified formulas, which we purify in the same manner described
above. If no new formulas are added toΓ ′ in this process, then the procedure returns
“sat”. Otherwise, we callSMTQI onΓ ′.

At a high level, the procedure in Figure 5 adds guarded instances of quantified
formulas to an evolving set of formulasΓ until Γ is T -unsatisfiable, or a fixed point
is reached. In this respect, the algorithm is similar to existing instantiation-based ap-
proaches used by SMT solvers for quantified formulas [13, 18]. However, the pro-
cedure differs from these approaches in the following ways.Firstly, when a univer-
sally quantified formula occurs with negative polarity inM , typical approaches add
the clause(¬Ai ⇒ ¬ϕi[ei]) to Γ . Here, we choose to add the clauses(Ai ∨ Bi) and
(Bi ⇒ ¬ϕi[ei]) instead. This allow us to consider both the positive and negative ver-
sions of quantified formulas simultaneously. As such, the algorithm only adds instances
of quantified formulas whereboththe positive and negative guards have positive polar-
ity in M . To ensure the model soundness of the approach (that is, the algorithm answers
“sat” only if the input is indeedT -satisfiable), we require the following property of the
set of literalsM in the body ofSMTQI:

If no quantified formula is active inM , thenΓ ∪ {Bi} is T -unsat fori = 1, . . . , n,

where{A1, . . . , An} is the set of the positive guards with positive polarity inM .

In other words, the set of literalsM are chosen such that, if possible, at least one of
B1, . . . , Bn is true inM . In practice, this requirement can be met in a DPLL(T)-based
SMT solver by instructing its underlying SAT solver, when itchooses a decision literal
to add toM , to choose one of the unassigned negative guards of quantified formulas in
Γ , if one exists, and add it with positive polarity.

We refer to the treatment of quantified formulas in Figure 5 ascounterexample-
guided quantifier instantiation[40]. A closely related approach is that of model-based
quantifier instantiation [19], which like the approach described here, adds instances of
quantified formulas based on models for their negations. This approach differs in its
scope, in that it primarily targets quantified formulas having uninterpreted functions,
whereas the approach described in Figure 5 targets quantified formulas having no un-
interpreted functions. It also differs in that it uses a separate copy of the SMT solver
as an oracle for checking the satisfiability of the negation of each quantified formula it



18 Reynolds, King, Kuncak

instantiates, whereas the approach described in Figure 5 uses a single instance of the
SMT solver for doing these tasks simultaneously in its main solving loop.

5.1 Arbitrary Quantifier Alternation

The algorithm in Figure 5 can be used as a basis for handling quantified formulas with
arbitrary quantifier alternations. Assume we rewrite formulas added toΓ ′ in the body
SMTQI so they are in purified form with respect to quantified formulas, that is, we
replace each quantified formula∀x.ϕj [x] occurring in formulasBi ⇒ ¬ϕi[ei] and
Ai ⇒ ϕi[Si(I, Γ, ei)] with its corresponding positive guardAj . We give an intuition
of how the procedureSMTQI handles such formulas in the following. A more compre-
hensive description is the subject of future work.

Consider theLIA-formula∀x.¬(∀y.x > y), call it ϕ1, whose positive guard isA1.
Given the inputΓ = {A1}, the procedureSMTQI adds the formulasA1∨B1 andB1 ⇒
A2 to Γ , whereA2 is the positive guard for(∀y.e1 > y) (call this formulaϕ2) where
e1 is a fresh constant. On the second call toSMTQI, the satisfying assignment includes
A2 and the procedure similarly adds the formulasA2 ∨ B2 andB2 ⇒ e1 ≤ e2 to Γ
wheree2 is a fresh constant. On the third call toSMTQI, we have thatΓ = {A1, B1 ⇒
A2, B2 ⇒ e1 ≤ e2, . . .} is T -satisfiable, and we may choose a satisfying assignment
M = {A1, B1, A2, B2, e1 ≤ e2, . . .}. Both ϕ1 andϕ2 are active inM . The literal
e1 ≤ e2 is over the atoms ofϕ2[e2/y], and we may add the formulaA2 ⇒ e1 > e1 to
Γ on this iteration, assuming our selection function forϕ2 chose to return the maximal
lower bounde1 for e2. On the fourth call toSMTQI, we have thatΓ = {A1, B1 ⇒
A2, A2 ⇒ e1 > e1, . . .}, and henceB1 or A2 cannot occur with positive polarity in a
satisfying assignmentM for this set. Hence, neitherϕ1 norϕ2 is active inM and the
procedureSMTQI adds no instances toΓ , indicating that our input is satisfiable.

6 Experimental Evaluation

We have implemented the procedure in the SMT solverCVC4 [4] (version 1.5 pre-
release). This section presents an evaluation of this implementation compared against
other SMT solvers and first-order theorem provers. We considered all quantified bench-
marks over 6 classes in theLRA andLIA logics of the SMT library [5]. The class
keymareaare verification conditions coming from the Keymaera verification tool [37],
scholl were used for simplification of non-convex polyhedra in [43], psycowere used
for weakest precondition synthesis for compiler optimizations in [29], uauto corre-
spond to verification conditions processed by the tool in [21], and thetptp classes
correspond to simple arithmetic conjectures coming from the TPTP library [47]. We
also considered a class of benchmarkssyguscorresponding to first-order formulations
of the 71 single-invocation synthesis conjectures taken from the conditional linear in-
teger track of the 2015 edition of the syntax-guided synthesis competition [1]. All
benchmarks are in the SMT version 2 format. For comparisons with automated theo-
rem provers, they were converted to the TPTP format by the SMTtoTPTP conversion
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keymaera(222) scholl (371) tptp (25) Total (621)
# time # time # time # time

CVC4 222 1.5 348 1401.1 25 0.1 595 1402.7
Z3 222 1.6 327 360.1 25 0.3 574 362.0
VampireZ3 220 51.2 57 393.2 25 2.3 302 446.7
Beagle 222 377.9 53 577.9 25 29.7 300 985.5
Vampire 218 57.8 43 31.1 25 1.3 286 90.1
Yices 222 0.4 – 0.0 25 0.04 247 0.5
ZenonArith 205 13.8 25 452.9 14 0.9 244 467.7
Princess 202 1136.2 0 0.0 25 67.4 227 1203.6

Fig. 6.Results forLRA benchmarks, showing times (in seconds) and benchmarks solved by each
solver and configuration over 3 benchmark classes with a 300stimeout. Yices (version 2.4.1) does
not support nested quantification, hence it was not applicable for the scholl class.

psyco(189) tptp (46) uauto (155) sygus(71) Total (461)
# time # time # time # time # time

CVC4 189 89.1 46 0.3 155 1.6 71 22.0 461 112.9
Z3 183 31.6 46 0.6 155 1.2 71 18.3 455 51.7
Beagle 28 900.0 46 48.4 153 343.6 57 617.7 284 1909.7
Princess 13 513.4 46 48.0 155 201.9 68 418.8 282 1182.1
VampireZ3 4 3.1 36 4.7 155 106.3 55 151.8 250 265.9
Vampire 6 196.0 36 2.0 155 378.0 46 262.8 243 838.7
ZenonArith 0 0.0 30 1.9 154 15.0 28 1374.6212 1391.5

Fig. 7.Results forLIA benchmarks, showing times (in seconds) and benchmarks solved by each
solver and configuration over 4 benchmark classes with a 300stimeout.

tool [6]. We remark that all benchmarks consist purely of quantified formulas over
linear arithmetic with very little, and in a majority of cases, no quantifier-free content.4

The results for the linear real and integer benchmarks are inFigures 6 and 7 respec-
tively. Of the 7 benchmark classes, only one (theschollclass fromLRA) had quantified
formulas with nested quantification. As alluded to in Section 5, our implementation is
capable of handling such problems by applying quantifier instantiation to quantified
formulas as they become introduced by clauses added toΓ in Figure 5.

For bothLRA andLIA, CVC4 solves the most benchmarks overall (595 and 461
respectively), and did not give a conflicting response with any of the other solvers.
Moreover, we note thatCVC4 solveseverybenchmark that does not involve nested
quantification, giving confirming evidence that our approach and implementation for
solving linear arithmetic with one quantifier alternation is indeed sound and complete.
Although we do not claim completeness for formulas with nested quantification,CVC4
solves more benchmarks from theschollclass than any other solver.

The SMT solverZ3 (version 4.3.2) solves the next most benchmarks overall, solving
574 and 455 total for theLRA andLIA sets respectively. A technique [15] in the SMT
solver Yices (version 2.4.1) is able to solve all benchmarksfrom thekeymaera and

4 Details can be found athttp://lara.epfl.ch/ ˜ reynolds/InstLA .

http://lara.epfl.ch/~reynolds/InstLA
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tptp classes ofLRA, both does not handle quantified formulas inLIA or with nested
quantification. We also considered the entrants of the first-order typed theorems division
(TFA) of CASC 25, the most recent competition for automated theorem provers [48].
5 For both benchmarks overLIA andLRA, the automated theorem provers trail the
performance ofCVC4 (andZ3) significantly. The bestLRA automated theorem prover,
VampireZ3, solves only 302 benchmarks, compared to 595 solved by CVC4. One of
the bestLIA automated theorem provers, Princess, solves 284 benchmarks, also no-
tably less than the 461 solved byCVC4. Interestingly, Princess solver, implemented in
the high-level Scala programming language (running on top of Java Virtual Machine),
while notably trailingCVC4, still performs better than VampireZ3, a generally well-
performing combination of two heavily optimized solvers independently specialized
for ground and quantified constraints. This illustrates thenon-triviality of the interac-
tion between theory reasoning and quantified reasoning.

7 Conclusion

We have presented a class of instantiation-based procedures that are at the same time
complete for quantified linear arithmetic and highly efficient in practice, outperform-
ing existing implementations. Thanks to our framework we also obtain a simple and
modular correctness arguments for soundness and completeness on formulas with one
quantifier alternation.

For future work, we would like to show that the approach is complete for quanti-
fied linear arithmetic with arbitrary quantifier alternations, and develop heuristics for
avoiding worst case performance for quantified integer arithmetic involving large co-
efficients. We also plan to develop selection functions for other theories, in particular,
algebraic datatypes and fixed-width bitvectors, as well as for combined theories.

AcknowledgementsWe would like to thank Peter Baumgartner for his help with con-
verting the benchmarks used in the evaluation to the TPTP format.
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und Summationsprobleme”, welche gewisse Klassen von Aussagen betreffen. Skrifter utgit
av Vidnskapsselskapet i Kristiania, I. klasse, no. 3, Oslo,1919.

45. T. Sturm and A. Tiwari. Verification and synthesis using real quantifier elimination. InISSAC
2011, pages 329–336, 2011.

46. T. Sturm and V. Weispfenning. Quantifier elimination in term algebras: The case of finite
languages. InComputer Algebra in Scientific Computing (CASC), TUM Muenchen, 2002.

47. G. Sutcliffe. The TPTP Problem Library and Associated Infrastructure: The FOF and CNF
Parts, v3.5.0.Journal of Automated Reasoning, 43(4):337–362, 2009.

48. G. Sutcliffe. The 7th ijcar automated theorem proving system competition–casc-j7.AI Com-
munications, pages 1–10, 2015.

49. A. Tarski. Arithmetical classes and types of algebraically closed and real-closed fields.Bull.
Amer. Math. Soc., 55(1), 1949.

50. A. Tarski. Arithmetical classes and types of boolean algebras.Bull. Amer. Math. Soc., 55,
64, 1192, 1949.

51. R. Treinen. Feature trees over arbitrary structures. InP. Blackburn and M. de Rijke, editors,
Specifying Syntactic Structures, chapter 7. CSLI Publications and FoLLI, 1997.

52. I. Walukiewicz. Monadic second-order logic on tree-like structures.Theoretical Comput.
Sci., 275(1–2):311–346, Mar. 2002.

53. V. Weispfenning. Complexity and uniformity of elimination in presburger arithmetic. In
ISSAC ’97, pages 48–53, New York, NY, USA, 1997. ACM.


	An Instantiation-Based Approach for Solving Quantified Linear Arithmetic
	1 Introduction
	1.1 Preliminaries

	2 Quantifier Instantiation for Theories
	2.1 An Instantiation Procedure and Its Soundness
	2.2 Termination of the Instantiation Procedure
	2.3 Connection to Synthesis
	2.4 Illustration: Instantiation for a Simple Fragment of LRA

	3 Instantiation for Quantifier-Free LRA-Formulas
	4 Instantiation for Quantifier-Free LIA-Formulas
	5 Integration in an SMT Solver
	5.1 Arbitrary Quantifier Alternation

	6 Experimental Evaluation
	7 Conclusion


